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Abstract
In this study, we consider a phantom cosmology in which scalar field is minimally coupled to gravity.
For anisotropic locally rotational symmetric (LRS) Bianchi type I space-time, we have used the
Noether symmetry approach to determine the potential of such a theory. It is shown that the
potential must be in the trigonometric form as a function of the scalar field. We solved the field
equations of the theory using the result obtained from the Noether symmetry. Our solution shown
that the universe has an accelerating expanding phase.

Keywords: LRS Bianchi Type I space-time, Phantom cosmology, Noether symmetry approach,
Dark energy, Conserved quantity

PACS numbers: 04.50.+h, 04.40.Dg, 97.60.Gb

1.Introduction

Since the end of the last century, the analysis of the observational studies, such as supernovae type Ia [1], cosmic
microwave background (CMB) [2] etc., show that our universe is expanding with acceleration. The general theory of
relativity is insufficient in the issue of explanation of this accelerated expansion phenomenon [3]. This observational
data indicate that the present universe is dominated by a fluid with negative pressure, called dark energy (DE) which
causes accelerated expansion. The simplest DE candidate is the cosmological constant with the equation of state
(EoS) parameter, w = −1. But it is not very popular due to its fine tuning and coincidence problem [4, 5]. As a result
of such problems, one of the alternative approach to address the cosmic acceleration issue is to introduce various
scalar fields of matter in Einstein gravity, such as quintessence, phantom fields, tachyon field, Chaplygin gas etc.
[4, 6]. Phantom fluid was first investigated in the current cosmological context by Caldwell [7]. Thus, it is possible to
construct exact phantom-like cosmological models where all characteristic areas of cosmic evolution are achieved [8].

Observational studies have shown that the cosmic microwave background is the radiation left over from the hot
Big Bang. Its temperature is extremely uniform, but has tiny temperature variations or fluctuations (at the part
per million level) [9]. Bianchi type space-times are homogeneous but anisotropic space-times [10, 11]. Besides, many
authors have considered anisotropic cosmological solutions as possible models for the beginning of the universe which
isotropize very rapidly due to particle production in the course of their expansion [12]. Therefore, there are many
cosmological studies in the literature, based on Bianchi type space-times [13–18].

Since extended theory of gravities have a nonlinear differential equations, solutions are not very easy. We used the
Noether symmetry approach can be used to find solution to the equations of such theories [19, 20]. Noether symmetry
approach which is directly related to the presence of conserved quantities, can enable us to choose the potential in a
dynamical way, and might be able to reduce the number of dynamical variables of the system of differential equations
due to possible cyclic variables [14, 16–18, 21–24]. In the present work, we explore the Noether symmetries in phantom
cosmology for anisotropic space-time.

This paper is organized as follows. In Sect. 2, we present the field equations in phantom cosmology for the
locally rotational symmetric (LRS) Bianchi type I space-time. In Sect. 3, we search the Noether symmetry of the
Lagrangian of such a cosmology and give the solution of the field equations by using this approach. Finally, in Sec.
4, we conclude with a brief summary of the obtained result.

2.Field equations

The action that involves gravity minimally coupled with a scalar field is given by [25]

S =

∫
d4x
√
−g
[
R

2κ
− 1

2
φ;µφ

;µ − V (φ) + Lm
]
, (1)
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where κ = 8πG/c4, Lm is the standard matter Lagrangian, V (φ) is the potential function of the scalar field. We
consider the line element as LRS Bianchi type I space-time in the form [13]

ds2 = dt2 −A(t)2dx2 −B(t)2(dy2 + dz2). (2)

Here, A(t) and B(t) are the metric potentials which are functions of cosmic time. From (2), we see that the metric
potentials are different in different directions. Using the metric (2), from the action (1), we find the following point-like
Lagrangian,

L = −2AḂ2 − 4BȦḂ −AB2(
1

2
φ̇2 + V (φ)), (3)

Here, a dot indicates differentials with respect to cosmic time t. We have taken Lm = 0, ignored the contribution of
the standard matter and considered the scalar field. For a spatially homogeneous space-time, the proportion of shear
scalar and expansion scalar is constant. The natural harmony with homogeneous expansion leads to a constant ratio
[15, 26]. Thus, we can use a power-law relation A = Bm m 6= 0, 1, where m is a constant anisotropic parameter which
represents the deviation of the anisotropic universe model from isotropic. The case m = 1, refers to the isotropic
model of the universe, which has previously been discussed in the literature [27].

Consequently, using this condition, Lagrangian (3 ) reduces to form as

L = −(2m+ 1)BmḂ2 −Bm+2(
1

2
φ̇2 + V (φ)). (4)

It is well known that the Euler-Lagrange equations for a dynamical system are

d

dτ

(
∂L
∂q̇i

)
− ∂L
∂qi

= 0 (5)

where qi are the generalized coordinates of the configuration space with q̇i are the generalized velocities. The config-
uration space of the Lagrangian (4) is T (B,φ) with tangent space TQ(B,φ, Ḃ, φ̇). To get the field equations, we use
the Euler-Lagrange equations (5) for the metric coefficient B and scalar field φ. Thus we have

(2m+ 1)

[
m
Ḃ2

B2
+ 2

B̈

B

]
− (m+ 2)

(
1

2
φ̇2 + V (φ)

)
= 0,

(m+ 2)
Ḃ

B

φ̇

φ
+
φ̈

φ
− V ′(φ)

φ
= 0, (2m+ 1)

Ḃ2

B2
+

1

2
φ̇2 − V (φ) = 0,

where a prime denotes derivatives with respect to scalar field φ. The last equation between them is the independent
equation obtained by the fact that the energy function EL = q̇i ∂L∂q̇i − L is zero. In order to solve these equations we

need to determine the form of the potential. To do this, we utilize the Noether symmetry approach in the following
section.

3.Noether symmetry and exact solution

The Noether symmetry approach is a useful method to obtain the conserved quantities of the dynamical systems.
This approach has been studied for many extended theories in cosmology[14, 19, 21, 28–35]. The Noether theorem
states that if the Lie derivative of a given Lagrangian L, dragging along a vector field X vanishes

£XL = 0, (6)

where £X stands for Lie derivative with respect to L. Then, X is said to be a symmetry for the dynamics derived
from the Lagrangian and it generates a conserved current [36]. The vector field for the Lagrangian (4) is given by

X = α
∂

∂B
+ β

∂

∂φ
+ α̇

∂

∂Ḃ
+ β̇

∂

∂φ̇
, (7)

where α and β depend on B and φ. From the Lagrangian (4), the Noether symmetry condition (6) yields the following
set of system of equations

mα+ 2B
∂α

∂B
= 0, (m+ 2)α+ 2B

∂β

∂φ
= 0,

2(2m+ 1)
∂α

∂φ
+B2 ∂β

∂B
= 0, (m+ 2)αV +BβV ′ = 0. (8)
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After some calculations, the solutions of the equations (8) are found as follows

α = c1B
−m

2 coskφ, β = −c1
√

4m+ 2B−
(m+2)

2 sinkφ, V =
c21
2

[1− cos2kφ], (9)

where we define k = m+2
2
√
4m+2

and c1 is an integration constant. Following the procedure given by [36], we can introduce

the new variables as

u = b0B
(m+2)

2 sinkφ, z =
2

c1(m+ 2)
B

(m+2)
2 coskφ,

where b0 is an integration constant. In terms of these new variables the Lagrangian (4) becomes,

L = − 4(2m+ 1)

b20(m+ 2)2
u̇2 − c1

b20
u2 − c21(2m+ 1)ż2. (10)

Since the new Lagrangian (10) not depend on the z coordinate, z is a cyclic variable. The field equations are obtained
from the equation (10) as

2c21(2m+ 1)ż = I0,
4(2m+ 1)

(m+ 2)2
ü− c1u = 0,

4(2m+ 1)

b20(m+ 2)2
u̇2 − c1

b20
u2 + c21(2m+ 1)ż2 = 0 (11)

where I0 is a constant of motion. These equations give us the solution as

u(t) = d1e
√
2c1kt + d2e

−
√
2c1kt, z(t) =

I0
2c21(2m+ 1)

t+ k0, (12)

where d1, d2 and k0 are the integral constants. Inserting the solutions (12) into the last equation of (11), we obtain
a constraint equation as 16(2m + 1)c31d1d2 = I20b

2
0. Then the solutions are obtained for the metric potential and the

scalar field.

B(t) =

[
c1(m+ 2)2

4
z(t)2 +

(
u(t)

b0

)2
]1/(m+2)

,

φ(t) =
2
√

4m+ 2

(m+ 2)
arccot

[
c1(m+ 2)b0

2u(t)
)z(t)

]
. (13)

Using the relation A = Bm, the metric potential A(t) is obtained as

A(t) =

[
c1(m+ 2)2

4
z(t)2 +

(
u(t)

b0

)2
]m/(m+2)

. (14)

Now we give some cosmological parameters such as the Hubble parameter, deceleration parameter and equation of
state parameter. We find the average scale factor of the universe defined by a = (AB2)1/3 as follows

a(t) =

[
c1(m+ 2)2

4
z(t)2 +

(
u(t)

b0

)2
]1/3

. (15)

The Hubble parameter is found from the well known definition H = ȧ/a as follows

H(t) =
1

3

c1
2 (m+ 2)2z(t) ˙z(t)2 + 2

b20
u(t) ˙u(t)

c1
4 (m+ 2)2z(t)2 + u(t)2

b20

. (16)

The deceleration parameter is defined by q = −aä/ȧ2. It gives us the rate of expansion of the universe that q > 0
deceleration, q < 0 acceleration and q = 0 constant rate of expansion. It is noted that there are many studies related
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to the time varying deceleration parameter for Bianchi type space-time in different gravitational theories [37–39]. In
our case the deceleration parameter obtained as

q = s2
(
− 4c1k

2s2(d42 + d41e
8
√
2c1kt)− 2d1d2e

4
√
2c1kt

(
3n2 + (6

√
2− 1)c1d1d2k

2s2
)

−d21e6
√
2c1kt

(
24
√

2c1d1d2k
2s2 + n2

(
3 + 2

√
2c1kt(2

√
c1k

2t2 − 3)
))

−d22e2
√
2c1kt

(
24
√

2c1d1d2k
2s2 + n2

(
3 + 2

√
2c1kt(2

√
c1k

2t2 + 3)
)))

/
(
−2
√
c1

(
d22 − d21e4

√
2c1kt

)
ks2 + e2

√
2c1ktn2t

)2
, (17)

where we define n = b0I0(m+ 2) and s = 4c1(2m+ 1). The equation of state parameter is defined by w = ρ/p, where

ρ = 1/2φ̇2 − V (φ) and p = 1/2φ̇2 + V (φ). ω = 0 case of the state equation parameter corresponds to the matter
dominant universe, ω = 1/3 case radiation dominant universe and ω = −1 case vacuum energy dominant universe.
Besides, for w < −1 the phantom phase is observed, and for −1 < w < −1/3 the phase is described by quintessence
For our case the equation of state parameter obtained as

w = −
(

12c1k
2s4(d42 + d14e8

√
2c1kt) + e4

√
2c1kt

(
12d1d2s

2
(
n2 + 24(4

√
2− 1)c1d1d2k

2s2
)

+ n4t2
)

+2d21e
6
√
2c1kts2

(
3n2 + (2− 6

√
2)
√
c1n

2kt+ 4
√

2c1k
2(6d1d2s

2 + n2t)
)

+2d22e
2
√
c1kts2

(
3n2 + (6

√
2− 2)

√
c1n

2kt+ 4
√

2c1k
2(6d1d2s

2 + n2t)
))

/

(
3
(
−2
√
c1

(
d22 − d21e4

√
2c1kt

)
ks2 + e2

√
2c1ktn2t

)2)
. (18)

We plotted the graphics to analyze the evolution of the cosmological parameter with respect to cosmic time. Fig.
(1) represents increasing behavior of the average scale factor indicating expansion of the universe. From Fig. (2), we
observed that the deceleration parameter remains always negative and decrease as a function of time. The negative
value of the deceleration parameter indicates the present acceleration of the universe. Fig. (3) shows that the values of
the equation of state parameters of scalar field are smaller than −1. Therefore, we have a phantom dark energy model.

4.Conclusion

In the present work, a phantom cosmology in which scalar field is minimally coupled to gravity model has been
studied using the Noether symmetry approach. In the context of LRS Bianchi type I space-time, Noether symmetry
is imposed on the Lagrangian (4) of the system and the symmetry vector is obtained. As a result, the potential
takes the trigonometric form given by Eq.(9). Then choosing a transformation {B,φ} −→ {u, z}, so that one of the
transformed variables z becomes cyclic for the Lagrangian, we obtained some solution for the new field equations. We
give the graphical behavior of the solutions in Figs. (1)-(3), which include some cosmological parameter such as scale
factor, the deceleration parameter and the equation of state parameter. From Fig. (3) we have the phantom phase of
the universe. Furthermore, while t→∞, w → −1, so that the universe dominated by the vacuum energy.
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FIG. 1: Plots of the average scale factor a
with respect to cosmic time t.
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FIG. 2: Plots of the deceleration parame-
ter q with respect to cosmic time t.
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FIG. 3: Plots of the equation of state pa-
rameter w with respect to cosmic time t.

We take I0 = 1, k0 = 0 ; d1 = 0.02 ; d2 = 1 ; c1 := 1; b0 = 1; m = 1.00672.
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