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ABSTRACT

Fitting non-linear models to the milk yield records of dairy cows is of particular importance
for both breeding and management purposes as they provide a summary of the pattern of milk
production with a few parameters that are biologically interpretable in animal science. In this
study, hierarchical modeling of the test day milk yield data collected on monthly interval was
considered and the non-linear three parameter Wood’s incomplete gamma function was used
to obtain the lactation curves of 200 Holstein cows. Bayesian approach was utilized in
estimation of model parameters. Some characteristics of lactation such as persistency, peak
time and peak yield were also derived as well as total milk yield for each cow.
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1. INTRODUCTION

The genetic evaluation in dairy breeding schemes for milk production has depended for many
decades on the analysis of 305-day lactation milk production which is based on a set of
individual test day (TD) yields, the so called test day milk yields (TDMY), usually taken on a
monthly interval during lactation period [1]. The graph of TDMY against time is the lactation
curve, and many mathematical functions were provided to summarize the whole process in
terms of a few parameters that have biological meaning. The non-linear incomplete gamma
function proposed by Wood [2] has been considered by various researchers and fitted directly
in its non-linear form [3] or after a log transformation [4].

Individual deviations from the average curve, or the deviations of the parameter vector of
each individual from the average of the population should be taken into account not only in
modeling the lactation curves, but also in the growth curves of livestock species. As such,
both the breeding and management decisions can be made more efficiently. Recent progresses
in theory and computing technology allow for the consideration of this approach through the
use of non-linear mixed effect models. There are some reports on the use of non-linear mixed
modeling in broilers [5], in quail [6,7,8], in pigs [9], and in cattle [10,11].

Bayesian modeling arises with its own hierarchical structure where the prior distribution for
the unknown parameters @ is defined with its prior parameters a indicating a one level of
hierarchy. In order to capture the complex structure of the data set, a prior can be constructed
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to yield a series of conditional distributions called hierarchical stages of the assumed prior
distribution [12]. That is, in this type of modeling, the observations are given distributions
conditional on parameters, and the parameters in turn have distributions conditional on
additional parameters called hyperparameters [13]. In this respect, Bayesian hierarchical
modeling is a class of modeling methodology where a prior distribution is also attributed on
the prior parameters a.

In this study, we are concerned with the mixed effects modeling of lactation curves in dairy
cows through the use of Bayesian hierarchical modeling methodology. Correlations among
model parameters were also considered and some characteristics of lactation such as
persistency, peak time and peak yield were derived.

2. MATERIAL AND METHODS
2.1. Data

The data of this study is a subset of the data used previously in [1,14,15]. Ten TD records
belonging to 200 cows, whose first measurement was taken at 15th day after calving, were
used in modeling the lactation curves by Wood’s function. Some descriptive statistics of the
data is given in Table 1. The pattern of changes in milk yields over 10 TDs depicts the main
feature of lactation curves of dairy cows with a rapid increase in production reached a peak at
TD2 followed by a decrease up to TD10.

Table 1. Some descriptive statistics of the data set.

N Mean SD Min Max
TD1 200 20.85 2.926 12.0 28.0
TD2 200 2396 2.871 16.4 31.4
TD3 200 22.82  3.007 14.8 30.4
TD4 200 21.33  2.993 12.8 28.8
TD5 200 1991  2.803 11.6 27.0
TD6 200 18,50  3.045 9.6 25.2
TD7 200 17.53  3.143 8.8 26.6
TD8 200 16.52  3.445 8.2 24.8
TD9 200 15.19 3,535 6.6 23.4
TD10 200 13.25 3413 4.0 22.2

2.2. The Wood’s (Incomplete Gamma) Function

The Wood’s incomplete gamma function [2] has been used widely for the lactation curve of
dairy cows as it has the advantage of having a limited number of parameters with assessed
direct reference to main features of lactation curve [10]:

Yi= ,Botfleﬂztj

where, y; is the milk yield (kg) at TD ¢;, e is the Neper number (2,718), 3, is the initial milk

yield after calving, £, is the inclining slope parameter up to peak yield (PY), and 3, is the
declining slope parameter after PY. The model estimates a PY, the highest recorded test day

milk yield, of 8,(B,/B,)P1e~Pz, which occurs 8;/B, months after calving (peak time-PT)
103



[16]. As proposed by Wood [2] a measure of the distribution of yield over the lactation,
persistency (P), is obtained as —(B; + 1)In(B,). The area under the curve of i’th cow
represents the estimated total milk yield [4]:

j
TY; = ﬁoftﬁle/”zfdt
0

2.3. Bayesian Method of Estimation

Any non-linear model for the i’th individual with n; records can be given as:
Yij = f(ei»xij) T &y

yij is the j’th response for the i’th individual, x;; is the predictor vector for the j’th response

of i’th individual, f is a non-linear function of the predictor vector and a parameter vector 6,
of length r, and ¢;; is normally distributed noise term [17]. Replacing the Wood’s function in
the above formula, we obtain:

Yij = ﬁottglieﬁ“t” + &ij

where ¢;; is the random error, t;; is the TD, and y;; is the milk yield at ¢;; for j = 1, ...n;.
Errors are assumed to be uncorrelated and normally distributed with mean zero and a constant
variance, &;;~N(0,0Z). Parameter vector @ for the i’th cow can be written as:

0; = (,80 B1 .32)'

The likelihood of the data can now be written as follows:

1

[(yil6;,08,x) =—F——
Yil0;, 0¢, X, (Zn)%niO':i

n;
1
exp _FZ[YU —f(ei,xij)]z
e =

The lactation curve of any cow can be seen a realization of a random variable ® having a
posterior density function hg (@) on the population of cows. We can further assume that the
distribution of 8; = (B, B, B,)’ is multivariate normal yielding [18],

1
h(Bln, %) = xp{-= (6 - wE(60 - w)]

=——=3 _.1°¢
(2m)z(|Z])?

Where u is a column vector of length r and X is a symmetric and positive definite matrix with
dimensions r X r. For conjugacy, u was assumed to follow a Multivariate Normal distribution
while X was assumed to follow an Inverted-Wishart distribution with parameters were set as
follows:

0] [1.0 x 10° 0 0
h(u)~MVN | 0], 0 1.0 x 10° 0
0 0 0 1.0 x 10°

104



1.0 x 1073 0 0
h(Z)~IW 0 1.0 x 1073 0 ,3

0 0 1.0 x 1073

We further assumed an inverse Gamma prior for 2 with v = s = 0.001.

Analyses were performed using WinBUGS software [19] through the R2WinBUGS package
of R program [20]. Chain length of 500,000 cycles was considered with a burn-in period of
50,000 cycles. Thinning interval was set to 250, and in total 1800 samples were used to
estimate the features of marginal distributions.

3. RESULTS

A model was fitted taking into account the individual data, however, only the summary
statistics for the posterior distributions of parameters and derived quantities (P, PY, and PT)
in the population level are presented in Table 2. The posterior mean of the parameter 3,
which is related with initial milk yield, was found as 18.278. Denoting the inclining slope of
the lactation curve, posterior mean of parameter $; was found to be 0.094 while the posterior
mean of declining slope parameter 8, was found to be 0.003. Posterior means for P, PY and
PT were found to be 6.458, 23.213 and 34.371, respectively. In addition, posterior mean of
the error sum of squares, o2, was estimated to be 3.816.

In Bayesian approach, frequentist confidence intervals are replaced by Bayesian credible
intervals (BCI). The interpretation of a 95% BCI is that the probability that the parameter falls
into the given interval is 0.05. Also, the highest probability density interval (HPDI), the
shortest possible interval enclosing 95% of the posterior mass, is the choice if the posterior
distribution is an asymptotic one [21]. Both BCIs and HPDs in Table 2 almost indicate the
same interval for the parameters of interest.

Table 2. Posterior summary statistics of the parameters, P, PY and PT.

BCI HPDI

Mean SD 25% 97.5% 25% 97.5%
Bo 18.278 0.868 16.950 19.650 16.940 19.630
b1 0.094 0.014 0.072 0.117 0.072 0.118
B> 0.003 0.000 0.002 0.003 0.002 0.003
P 6.458 0.073 6.314 6.603 6.311 6.597
PY 23.213 0219 22,790 23.650 22.790 23.640
PT 34371 4114 26919 41981 26.400 41.260

3816 0199 3463 4215 3459 4.206

Estimated P, PY and PT of the top %20 of cows with the highest TYs are given in Table 3. A
close examination of Tables 2 and 3 reveals that the cows with a higher milk production over
the herd also have a peak yield occurring later than the average time of peak (34.371) of the
herd. The P values for the cows in Table 3 have higher persistence than the average of the
herd (6.458), except the “Cow 87”. For management purposes, cows with persistent lactations
are more profitable than cows having lactations with low persistency when the TYs are equal.
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Table 3. Estimated P, PY and PT of the top %20 of cows with the highest TYs.

Cow P PY PT TY Cow P PY PT TY
6 690 27.6 58.7 7401.2 102 6.74 260 49.2 67935
83 6.93 272 595 73350 119 6.80 255 505 67515

23 7.03 266 634 73101 3 668 261 471 67269
88 7.10 263 66.7 7293.0 85 6.83 251 512 67257
137 6.94 269 59.7 7279.0 170 6.63 26.5 458 67223
184 6.75 27.7 524 7209.0 49 6.63 264 458 67133
90 6.72 28.0 511 72064 48 6.55 27.0 437 6694.8
136 7.00 258 60.2 7070.8 11 650 275 425 66794
36 6.84 263 540 70228 40 692 246 535 66754
93 734 246 76.2 70044 100 6.49 276 421 6673.6
190 7.12 249 64.2 69519 78 6.61 263 449 6662.1
84 684 260 532 69298 33 6.60 263 443 6624.7
107 6.89 256 549 6911.2 96 6.64 258 452 6602.3
165 7.30 243 76.4 6909.2 7 658 262 436 6584.5
18 6.86 25.6 53.7 6880.3 86 6.57 26.2 432 6563.8
13 712 246 63.0 6871.2 87 641 279 399 655138
161 6.81 258 51.6 68527 47 6.73 249 46,5 65253
172 717 243 655 6843.3 37 670 249 457 65014
71 6.74 26.0 493 6801.1 120 6.93 23.8 514 64826
97 6.89 252 53.7 6795.8 59 6.89 239 50.0 6475.0

CONCLUSIONS

In conclusion, the Bayesian modeling of lactation curves, both in herd and individual level
simultaneously, allowed us to evaluate several characteristics of the lactation as well as to
investigate the usefulness of the methodology in making decisions governing the breeding and
management. Model and methodology used here can be extended to include not only the
phenotypic relationships, but also the genotypic relationships between parameters.
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