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FORMULAS INVOLVING SUMS OF POWERS,
SPECIAL NUMBERS AND POLYNOMIALS
ARISING FROM p-ADIC INTEGRALS,
TRIGONOMETRIC AND GENERATING FUNCTIONS

Neslihan Kilar and Yilmaz Simsek

ABSTRACT. The formula for the sums of powers of positive integers, given by
Faulhaber in 1631, is proven by using trigonometric identities and some proper-
ties of the Bernoulli polynomials. Using trigonometric functions identities and
generating functions for some well-known special numbers and polynomials,
many novel formulas and relations including alternating sums of powers of pos-
itive integers, the Bernoulli polynomials and numbers, the Euler polynomials
and numbers, the Fubini numbers, the Stirling numbers, the tangent numbers
are also given. Moreover, by applying the Riemann integral and p-adic inte-
grals involving the fermionic p-adic integral and the Volkenborn integral, some
new identities and combinatorial sums related to the aforementioned numbers
and polynomials are derived. Furthermore, we serve up some revealing and
historical remarks and observations on the results of this paper.

1. Introduction

Centuries ago, many mathematicians put the sums of powers of positive integers
or the alternating sums of powers of positive integers at the center of their work.
Numerous different techniques have been given to find formulas containing these
sums and at the same time continue to be explored in new techniques for these
sums. The well-known novel formulas for these sums are given as follows:
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where m € Nand n € N with n > 1, By,41(n), Bimt1, and E,,y1(n), Epi1 denote
the Bernoulli polynomials and numbers, and the Euler polynomials and numbers,
respectively (cf. [1112,4-10,13|1512112224,27-30/[35,38,42144] ).

In this paper, not only Faulhaber formulas involving sums of powers, but also
generating functions for special numbers and polynomials are handled in a inter-
esting way in the direction of historical development. Sums of powers of positive
integers: 1% 4+ 2% + ... 4+ m* goes back to Johann Faulhaber, the famous German
mathematician and engineer who lived between 1580 and 1635. By using arith-
metic and algebraic operations, Faulhaber [10], in whose book (Academia algebrae,
Augspurg 1631), gave novel computation formulas for these sums (for detail, see
also [30] and the references therein).

Faulhaber’s formulas that give the sum of powers of positive integers have
inspired the work of many famous mathematicians after 1631. In 1713, James
Bernoulli, in whose book (Ars conjectandi, Basel 1713), mentioned the name of
Faulhaber with his formulas including the sum of powers of positive integers. In
1834, a meticulous proof of Faulhaber’s assertion was first given by Jacobi [15].
Later on, many mathematicians such as Riordan (1968) [35], Tits (1923) [44],
Edwards (1986) [9], Gessel and Viennot (1989) [11], Kim et al. [21] 24127 28],
Knuth [30], Simsek [39], Simsek et al. [42] and others have given Faulhaber different
proofs of Faulhaber’s formulas with different methods.

We now give motivation of this paper. The following formula that gives the
sums of powers of positive integers is one of the important results given in this
study. In this approach, we use a different technique applying the trigonometric
function identity and Bernoulli polynomial properties:

THEOREM 1.1. Let k € N and n € N with n > 1. Then we have

n—1
. Bok+1(n)
1.3 2k _ Z2RAIVE
(1.3) jzzl J 2% + 1

In addition to formula (3], we also derive a formula for alternating sums of
powers of positive integers involving the Euler numbers and polynomials and the
tangent numbers. Apart from these, new novel formulas and relations, containing
many different special numbers and polynomials such as the Bernoulli numbers and
polynomials, the Euler numbers and polynomials, the Stirling numbers, the Fubini
numbers, the tangent numbers, and other special numbers and polynomials, are
given with the help of the identities of trigonometric functions, the Euler formula,
and functional equations of the generating functions for special numbers and poly-
nomials. These new results have the potential to be used in different disciplines.

1.1. Some preliminaries. Here, we give some well-known generating func-
tions for special numbers and polynomials, formulas and notations.

We firstly give the following notations for the set of numbers:

Let N, R and C denote the set of natural numbers, the set of real numbers and
the set of complex numbers, respectively, and let No = N U {0}.
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The well-known Euler formula is given by e*® = cos(x)+i sin(z), where i = —1.
The Bernoulli polynomials, By, (s), are defined by

(1.4) K(ts) = < =3 Bu(s)o

where |t| < 27 (cf. [1H44] and the references therein). Substituting s = 0 into (L4),
we have B, (0) = B,,, where B,, denotes the Bernoulli numbers (cf. [1H44] and the
references therein).

By using (L), we have the relation K(¢t,n) — K(¢,0) = tZ;:Ol et where
n € N. After some elementary calculations in the above equation, one can easily

arrive at ([I1]).
The Euler polynomials of the first kind, E,(s), are defined by

(1.5) w@—%“—iE@ﬁ
' ’ 7@’54-1771=O ol

where [t| < 7 (cf. [1H44] and the references therein). Substituting s = 0 into
([CH), we have E,(0) = E,, where E,, denotes the Euler numbers of the first kind
(cf. [TH44] and the references therein). By using (H]), we have the relation:

n—1

(=)™ G(t,n) + G(t,0) =2 (~1)e’",

Jj=0

where n € N. After some elementary calculations in the above equation, one can

easily arrive at (L2).
The Euler numbers of the second kind, E}, are defined by

2¢! S
1.6 Gpot) = —— = E Er
(1.6) z2(1) et +1 = "pl’

where |t| < § (cf. [1,/38,/40,43]). Using (L3) and (LG), one has the following
well-known relations: £, = Z] o ( )2 E;, and E} =2"E, ( ), (cf. [11138L[40]).
The Stirling numbers of the second kind, Sa(n,m), are defined by

(1.7) Gga(t,m) = % = ZSg(n,m)i—n',

(cf. [1H44] and the references therein). These numbers satisfy the relations: S(0,0)
=1, Sa2(n,1) = Sa(n,n) = 1, S2(n,0) = 0if n > 0 and Sz(n,m) = 0if m > n
(cf. [TH44] and the references therein).

The Fubini numbers, wg(n), are defined by

2—et ng

(1.8) Gu(t) =
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(cf. [6l121[17]). Combing (7) with (L8], one has

(1.9) wy(n) =Y j!9(n, j),
j=0

(cf. [6LI2LT7]).

The polynomials C,,(x,y) and S, (z,y) are defined respectively by
(1.10) Gol(t,z,y) = e cos(yt) = ZC x y
(1.11) Gs(t,z,y) = e" sin(yt) = ZS x y

(cf. [19120/[31[32] and the references therein). Using (LI0) and (IIT), the explicit
formulas for the polynomials C,(x,y) and Sy, (z,y) are given by:

O N
(1.12) Culy) = 3 (—1) (2j)y2]$n_zj’

=0

[(n—1)/2]
1.1 = § 1) 2j+1, n—25—1

(cf. [191120/311[32] and the references therein).
The tangent numbers (Zag numbers) are defined by

t2n+1
1.14 F(t)= ——— —
(1.14) ®) e2t+1 Z Ton+1 2n+ 1)

(cf. [11/61211[34.[38]). Using (14, the relations among the Bernoulli numbers, the
Euler numbers and the tangent numbers are given, respectively, by:

(1 15) 7 - ( 1)n+1 22n+1 _ 24n+3 B
. 2n+1 — n+ 1 2n+2
(1.16) Tony1 = (=1)" 122" B, 1y,

(cf. [1[61211[341[38]). In [34], Qi gave many identities for the tangent numbers.
One of them is given as follows:

d2n+1
(1.17) Ton+1 = hm m{tan(x)}.

This paper is organized as follows: In Section 2, by using trigonometric identi-
ties and generating functions, formulas involving sums of powers of positive integers
and the Bernoulli polynomials and the Euler polynomials are given. In Section 3,
by the aid of trigonometric functions, the Euler formula, and functional equations
of the generating functions for special numbers and polynomials, some formulas
and relations associated with the Bernoulli polynomials, the Euler numbers of the
second kind, the polynomials C,(z,y), the polynomials S, (z,y) are derived. In
Section 4, by using functional equations of the generating functions, some relations
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and identities including the Fubini numbers, the Stirling numbers, the tangent
numbers are given. Finally, in Section 5, by applying the Riemann integral, the
fermionic p-adic integral and the Volkenborn integral to the results obtained in the
previous sections, many formulas and combinatorial sums formulas including the
Bernoulli numbers and polynomials, the Euler numbers are presented.

2. Sums of powers of positive integers: an approach
to trigonometric identities and generating functions

In this section, applying the trigonometric identities and some properties of the
Bernoulli numbers and polynomials, the Euler numbers and polynomials of the first
kind, we give sums of powers of positive integers and alternating sums of powers of
positive integers. Using these formulas, we also derive some interesting results for
these numbers and polynomials.

THEOREM 2.1. Let m € N with m > 1 and n € N. Then we have
i B,,(n+1) — By(—n)

(2.1) Syt = -

J=1 J=1

PrROOF. By using the following well-known identities

sin((2n + D) =142 z": cos(2jt)

sin(t) =
(cf. [14} p. 20]), we obtain
e2it(n+1) e—2int n it gt
(2.2) 62“_1—62”_1:1+Z(6J +e ).
j=1

Combining (Z2) with (L), after some elementary calculations, we have the fol-
lowing relation:

S Bo(n+1) (Qit)!m S Bt (2it)™

I
m=2 m =2 me
o0 n .
. N (2it)™
=3 (3 g g ) 2D
m=2 ®j=1 ’
Comparing the coefficients of (2;;?, on both sides of the above equation, we arrive
at the desired result. O

Substituting m = 2k (k € Np) into equation (2I), we have the following result:
COROLLARY 2.1. Let k € Ng. Then we have Bag(n + 1) = Bar(—n).
PrOOF OoF THEOREM [[LTl Combining the following well-known identities

(2.3)  Bn(n+1)=mn™ '+ B,(n), Bnn)=(-1)"By,(-n)—mn™
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with equation (ZI]), we obtain

).

17
—
<

B (n) + mn™ ' + (=1)" (B, (n) + mn™ ') =m
j=1

Substituting m = 2k + 1 (k € N) into the above equation, we get
Bakr1(n) + 2k + Dn® = 2k +1) > j%.
j=1

After some elementary calculations in the aforementioned equation, we arrive at
the desired result. O

Putting the following well-known results in Theorem [I.T]

2k+1
2k +1 _
Bajy1(n) = Z ( )n2k+1 VB,

v
v=0
and Bag+1 = 0 (k € N), we have the following corollary:

COROLLARY 2.2. Let k € N and n € N with n > 1. Then we have

1 k 2k —3k% + kg
2k p2k+l _ 22k Fook-1 2%k—3 |
Z J 2k +1 3" " E
CiDBas (4B

2k+1 2k+1
When k =1, Corollary reduces to the following well-known result:

+

n—1

o 1 1 1 n(n—1)2n—1)
2 3 2

D i*=gn’—gn’tgn 6 '

THEOREM 2.2. Let m € N with m > 2. Then we have

[((m=1)/2] n
m — m—1— Am—1—
(2.4) 2 : (_1)1) (21) N 1)4 UTQU-H 2 : (Jm 1-2v (_J)m 1 2v)
j=1

v=0

=FEn(n+1)+ E,(—n).

ProOF. By using the following well-known equation

cos((2n + 1)t ) _ 2sint
(24t)
cos(t) cost Zsm 7t)

(cf. [33] p. 342]), we have
o2i(n+1)t —2int 2it n

€ € 1 2jit —2jit
eQit+1+62it+1:1+e2zt+1z(eﬂ76 )
j=1

(2.5)
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Combining (Z3) with (T3] and (LI4), after some elementary calculations, we get
oo )m
S 2B, (n+ (GO Z 2" E,,
m=3

m 1— 2717( j)m71727j

oo [(m— 1)/2] , _
- m,z::S vz:: (21) + 1) 2" oo Z m/! (i)™

Jj=1

Comparing the coefficients of (zﬁ# on both sides of the aforementioned equation,
we arrive at the desired result. (I

Substituting m = 2k + 1 (k € Np) into ([24), we have the following result:
COROLLARY 2.3. Let k € Ng. Then we have Eaji1(—n) = —Eap11(n+1).
Putting m = 2k (k € N) in ([24), we get

[(2k—1)/2] ok "
E 1 For(—n) = 1) 9-2v+lp, 2(k—v)—1
ak(n + 1) + Eor(—n) UZ::O (-1) <2v+1) 2 +1;j

Combining the above equation with (II), we obtain
2k—1)/2
[( )/ ](_1)1} 2% By (k—vy(n 4 1) = Bage—v)
0+1) 2! 4v(k —v)
= Egk (Tl + 1) + Egk(*n).
Combining (LI6) with (Z6]), we arrive at the following theorem:

(2.6)

v=0

THEOREM 2.3. Let k € N. Then we have

2k—1)/2
eh /2 ( 2k ) (Ba(h—v) — Bogh—v)(n +1)) Ezy 41 _ Esr(n+1) 4+ Egr(—n)
20+1 '

= k—wv 2
3. Identities and relations derive from trigonometric functions
identities and functional equations of the generating functions

In this section, applying trigonometric functions identities and functional equa-
tions of the generating functions for special numbers and polynomials, we derive
many new identities and relations involving the Bernoulli polynomials, the Euler
numbers of the second kind, the polynomials Cy,(z,y), the polynomials S, (x, ).

In order to give these new identities and relations, we need the following well-
known trigonometric identities:

e x sin(x)
(3.1) cos (= —_—

() =7z
where m € N (cf. [13 Eq. (1.18)]), and

csc(t) = 3 —1)n22n l e
(3.2) tesc(t) HZ::O( 1)"27" By, <2> (2n)!
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(cf. 21, Eq. (2.24)]). Using the Euler formula, the De Moivre formula, and the
binomial theorem, the following formulas are easily found:

3 ) = Gl Y (M s -1 - 2500,

n

(3.4) sin?"(z) = 2%" <2n> + (2;1—1_)? i(fl)j (2;> cos((2n — 2j)z)
(cf. [16] p. 130]).

THEOREM 3.1. Let n € N and m € Ng. Then we have

m y
> N e G (x 2—n)

Jittin—1=m
Y Y
X Cjn72 (x, —2n71) .. 'Cm_jl_"'_jn—l (x, 5)

[(m+1)/2] ; m 41\ y2—122-2n 1
= ]-ZO (-1) < 2 >m7+132j <§) S’m+172j(xnay)a
where
R S . I
SR DR DREEES D
Jittin—1=m  jn—1=0 jn_2=0 j1=0
m B m!
J1:925 3 In—1 jI!jQ!"'(m_jl_"'_jn—l)!'
Proor. Using 31, we obtain
n .
t xnt t
[l (1) - 200
Pt 2 27 sin (2—)

Combing the above equation with (II0), (LII) and B2)), we get the following

functional equation:

Ge (t,:c, %) Ge (t,:c, 2_y2) ...Ge (t,:c, 2%) = 2% csc (g—i) Gs(t,nx,y).

Therefore

oo tm

Yy
ml Z N3 ioein 1 Cina (I, Q—n)

m=0 Ji+je+Fin—1=m
Yy Yy
X Cj”*Q (I, 2n71> o .Cm_jl_]é_"'_jn—l (xa 5)

iy (1) B ()2
2j m+1

m
Smt1—2j(zn, y)m
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Comparing the coefficients of %, on both sides of the aforementioned equation, we
arrive at the desired result. (I

Substituting n = 1 into Theorem [B.I] we get the following corollary:

COROLLARY 3.1. Let m € Nyg. Then we have

[(m+1)/2] 2j—1
AR (Mt (1 ,
Cm (x, 2) = jz::O (-1) < 9 >m+ 132] 5 Smi1-2j(z,y).

REMARK 3.1. Substituting n = 2 into Theorem [B1] we have

5 ()6 () s ()

71=0
[(m+1)/2]

S(m4 1\ Y22 1
= —1)’ ———— By 5 ) Smi1-2i(22,y).
> (" ) B (5) Swe (20

=0

In addition, if we set n = 3 in Theorem B.I] we have

S ) 2 (e ) o )
[(m+1)/2]

S(mA4 1yt 1
= —1)’ ———— By (5 ) Smr1-2(32,y).
S (" ) B (5) St

=0
THEOREM 3.2. Let n € N and m € Ng. Then we have

Z Nﬁ,jQ,...,j2n725j2n—2(x’ y)Sjmf:s (xa y) e Sm—j1—~"—j2n72 (I, y)

Jit-+jen—2=m
_1)yn—1 ! (o —1 .
§=0

Proor. Using B3], we obtain

et (—)" &R, 21
H e sin(yt) = TN Z(—l)J ( i )6(2"_1)” sin ((2n — 1 — 25)yt) .
k=1 §=0

Combining the above equation with (ILTT]), we have the following functional equa-
tion:
GS(ta Z, y)GS(t7 x, y) <o GS(t7 x, y)
(2n—1) times

_ (;213:1 i(*l)j (2"3_ 1) Gs (t,(2n — D)z, (2n — 1 — 2j)y).

Jj=0
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Therefore

0 tm
m .
Z m! Z N]11]2, ,j2n72‘9]2n72 (:c,y)

m=0 Jitjz++jan—2=m
X SJ2n 3( y) Sm—j1—j2—"'—j2n72($ay)

[e%e} n 1 n—1 ; m— 1 ‘ im
:ZO 2% 5 ;(1)< ; >Sm((2n1)x,(2n12])y)m

Comparing the coefficients of t on both sides of the aforementioned equation, we
arrive at the desired result. (I

THEOREM 3.3. Let n € N and m € Ng. Then we have

Z N]Tp, ]2",151]'2”71 (l‘, y)Sj2n72 (l‘, y) to Sm*ji*"'*]énfl (:L" y)

Jittjen—1=m
n—1
(2nz)™ (2n ) ,
~ o2 22n 1 Cm(2nz, (2n — 2j)y).

PROOF. By using equation ([34), we get

2 1
ﬁ e sin(yt) = et (2n S e cos((2n — 24)yt)

y 22n 22n 1 J)Yt)-
k=1

Combining the above equation with (EI:EII) and (LI, we obtain the following
functional equation:

GS(ta Z, y)Gs(t,x,y) <o GS(t7xay)

2n times

e2nzt /9, n" 1
oon < ) 22n T Z < >Gc(t 2nz, (2n — 25)y).

Applying the Cauchy product rule in the left-hand side of the previous functional
equation, after some elementary calculations, we get

o0 m

t
Z m! Z Nl o ]27L715j2n*1(x’y)

m=0 """ ji+jat+Fjon_1=m
X S]2n 2(33 y) T Sm7j17j27”'7j2n 1 (:E, y)

m

_ (2:) i (2;‘2””73 e Z 22n 1 ( ) (20, (20— 25)y) fn'

m=0

Comparing the coefficients of 5 t on both sides of the aforementioned equation, we
arrive at the desired result. O
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THEOREM 3.4. Let n € Ng. Then we have
[n/2]
(35) D D (M T E)

k=0
Proor. Using (L6) and (LI0), we have the following functional equation:
et = G2 (yt)GC (Zta T, y)

From the above equation, we get

Z(m)nﬁ = Z ynE;ﬁ Z i"Cn(x,y)a.
n=0 n=0 n=0
Therefore
S =33 () Ee e
n=0 n:

th sides of the above equation, we get

k=0
on bo
()-k £ELCon(a.y).

Since E3,,,, =0, (m € Np) equation (3.8 reduces to the following relation:

Comparing the coefficients of

(3.6)

00
ne0
"

n!
n
k=

[n/2]
n *
= (1>’f(2k) YB3 Coan(.).
k=0
Thus, we get the assertion of the theorem. O

THEOREM 3.5. Let n € Ng. Then we have
[n/2]
1) S UF( )y By (1) Suak(@y) = Balz +1) - Bu(o).
2k 2 ’

k=0
Proor. Using (LI and (32), we have the following functional equation:
e™ = csc(yt)Gs(t, x,y).
With the help of the above functional equation, we obtain

yz nz"” 1tn = Z kz/ ( ) (2y)%* By, (%) Sn,gk(x,y)%.
Combining the above equation with (Z3]), we get
oS oo [n/2] 1 tn
Z (z+1) Z Z ( )(23/)%3% (2) Sn—2(2,Y) -

Comparing the coefficients of % on both sides of the aforementioned equation, we
arrive at the desired result. O
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4. Identities and relations involving
Fubini numbers and Tangent numbers

It is well known that the Fubini numbers and the Stirling numbers have many
applications in combinatoric analysis, in number theory, and also in other areas
(cf. [6l12][43]; and the references cited therein). By using generating functions with
their functional equations, we derive some identities involving the Fubini numbers,
the tangent numbers and the Stirling numbers of the second kind.

THEOREM 4.1. Let n € N. Then we have

[(n=1)/2] n—2k—1

@) wm= Y 3 %(MZ 1> <"2jk1)T2k+1wg(j)

k=0 §=0

+

[(nfl)/2] (_1)k n
92k+1 (2k +1

)Tgk+1wg(n — 2k — 1).
k=0

ProoF. Using (L) and (LI4), we obtain —1 = (F(t/2)(e’ + 1) — 1)Gyw(t)
wherefrom we get

Tont1 " tr
_ n
—l= Z(_l) 2201 (27 + 1) Z ) Zowg(”)ﬁ

n=0 =0

2n+1 e e

= pyn Dntn t" tn
+ ,;)(_ ) 22n+1 (2, + 1)_! ;wg(n)a - ng(n)a.

n=

Therefore

o0 oo [(n—1)/2] n—2k—1 k
" (-1) n n—2k—1 N
E ,wg(")ﬁ = E , : 92k+1 (2k+ 1) ( j )T%ng(j)ﬁ

oo [(n—1)/2] (_1)k n m
+Z Z 9okt T (2k+1>T2k+1wg(n—2k— 1)5

0
Comparing the coefficients of on both sides of the aforementioned equation, we
arrive at the desired result. O

Combining (A1) with (IIT), we arrive at the following corollary:
COROLLARY 4.1. Letn € N. Then we have

[(n—=1)/2] n 1 J2k+1
k .
wy(n) = E (—1) <2k + 1> 92k+1 ll_,mo dp2k+1 {tan(x)}

k=0
X (nil (” N 2;“ - 1)wg(j) +wy(n — 2k — 1)).

=0

By combining (@I with (I9]), we also derive a relation between the tangent
numbers and the Stirling numbers of the second kind by the following corollary:
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COROLLARY 4.2. Let n € N. Then we have

n [(n=1)/2ln—2k-1 j n—2k—1
> vlSa(n,v) Z ]Z Z 22k+1 (2k+1)( i )52(3'7U)T2k+1

v=0
[(n 1)/2] n—2k— 1 n
YOS G (" ) satn =28~ 1.0

5. Formulas and combinatorial sums
derive from Riemann integral and p-adic integrals

In this section, new formulas and combinatorial sums are given by applying
both Riemann integrals and p-adic integrals to the formulas and relations presented
in the previous sections. Firstly, some combinatorial sums, which are found with the
help of the Riemann integral, are given. Secondly, some formulas and combinatorial
sums, which are found with the help of p-adic integrals, are given.

5.1. Formulas and combinatorial sums derive from Riemann integral.
Here, by the aid of applications of the Riemann integral to equation (B3] and
equation ([B7), we derive formulas and combinatorial sums.

THEOREM 5.1. Let n € Ng. Then we have

[n/2] [(n— 2k>/21 ,
2j 2%k )n—2k—2j+1 F

PROOF. Integrating both sides of (B3] from 0 to 1 with respect to x, we have

[n/2]

1
n *
= Z (Qk)kaEzk/Cn—%(xay)dx-
0

Combining the above resulting equation with (LI2), after some elementary calcu-
lations, we arrive at the desired result. O

THEOREM 5.2. Let n € N. Then we have

[n/2] [(n—2k—1)/2] nn—2k\ (n 92k 2k+2 1
kz_o ; (=1) (2j+1)(2k)n2k2j 2k(2)
PROOF. Integrating both sides of (81) from 0 to 1 with respect to x, we have

[n/2 1 1
r_1 Z ( )22ky2k 1By (5) /Sn_%(x,y)dx
0

Combining the above resulting equation with (LI3), after some elementary calcu-
lations, we arrive at the desired result. O
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5.2. Formulas and combinatorial sums derive from p-adic integrals.
There are many applications of p-adic integrals involving the Volkenborn integral
and the fermionic integral. The most important application of these is to construct
generating functions of special number and polynomial classes containing Bernoulli
and Euler numbers and polynomials. Another application of p-adic integrals is
that there are formulas that directly calculate Bernoulli and Euler numbers and
polynomials. Here, with the help of these formulas, very interesting and useful
identities, relations and combinatoric sums, including the Bernoulli numbers and
polynomials, the Euler numbers and polynomials, are given.

Now it is time to briefly give introduction for p-adic integrals, involving the
Volkenborn integral and the fermionic integral.

Let Z, denote the set of p-adic integers. Let K be a field with a complete
valuation. Let f € C' (Z, — K), set of continuous derivative functions.

The Volkenborn integral (bosonic p-adic integral) of function f on Z,, is given
by

pN—1

. 1
(5.1) / Fdn(a) = Jim 3 S0

where py(z) = 1 (z+pNZy) = 1/pV (cf. [21H23][36,/40] and the references
therein).
Using (5.)), the Bernoulli numbers B,, is also given as follows:

(5.2) /x"dul (x) = By

Zp

(cf. [21H231[361[40] and the references therein).
The fermionic p-adic integral of function f on Z, is given by

N

)= Jim > (-1 (@),
x=0

(5.3) [ t@duste
ZP
where p_1(z) = p_1 (z+p"Z,) = (=1)* (cf. [25,126,/40] and the references
therein).
Using (5.3)), the Euler numbers E,, is also given as follows:

(5.4) /:c”du,l(z) =FE,

Zp

(cf. [251[26[40] and the references therein).

Here, applying the p-adic integrals formulas (5.2) and (&.4) to (33) and (B7),
we derive formulas including the Bernoulli numbers and the Euler numbers, respec-

tively.
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THEOREM 5.3. Let n € Ng. Then we have

[n/2] [(n—2k)/2] ‘ n— 9%k n
Bo=3) Y (—1)J+k( y ) (2k> Bojy2j Bn—2k—2; 3.
k=0 7=0

PROOF. By applying the Volkenborn integral with respect to = and y to (BH),
we have

[n/2]
n *
//x”dul(w)dm(y) = Z(*l)k <2k>E2k//y2kCn2k(xay)d#1($)d#1(y)-
ZP Zp k=0 ZP Zp
Combining the above resulting equation with (LI2) and (52), we arrive at the
desired result. (]

THEOREM 5.4. Let n € Ng. Then we have

A
E,=> > (—1)]+k< 2 ) (%) Eokyoj En—ok—2j Esy-
k=0 7=0

PrRoOOF. By applying the fermionic p-adic integral with respect to x and y to

B3A), we have

[ [ #dus@dnaw)
Ly Ty

= [:Zj(1)’“<27;)E§k//y2’€0nzk(w,y)du1(x)du1(y)-

Zyp Zp

Combining the above resulting equation with (LI2) and (54), we arrive at the
desired result. ]

THEOREM 5.5. Let n € N. Then we have
[n/2] [(n—2k—1)/2]

1 ) n n — 2k 1
B, 1=-— —1)7tk 22Bo. (= | B Bok_2i_1-
1= Z Z (-1) <2kz) <2j+1> 2k | 5 2k+4-2j 2k—2j—1

k=0 §=0

PRroOOF. By applying the Volkenborn integral with respect to « and y to (31,
we have

Z{ Z/ g (2)dpu (3)

%[nz/%](l)k<;€>22k32k <%>Z[Z[y2’“1Sn2k(m,y)du1(x)du1(y)-

k=0

Combining the above resulting equation with (LI3) and (52), we arrive at the
desired result. d
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THEOREM 5.6. Let n € N. Then we have

| /2 [

j+k n—=2k\ o 1 ‘ 4
En1 = Z jz: ] <2k) <2j+1>2 Bog <§ E2k+21En—2k—2]—1-

PrROOF. By applying the fermionic p-adic integral with respect to x and y to

B0), we have

Z{ Z/ " dp_ (2)dp1 (y)

- % S (-1t <2k>22kB2k <%>Z[Z[y2kISnzk(w,y)dul(x)dul(y)-

Combining the above resulting equation with (LI3) and (54), we arrive at the
desired result. d

n2k 1]
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