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Abstract

We investigate an interacting Yang—Mills quintessence cosmology in a spatially flat FLRW back-
ground. The model contains a non-minimal curvature coupling f(¢), a Yang—Mills kinetic coupling
I(§), an effective self-interaction potential Vg(§), and a phenomenological interaction function
F(a, &) between the vector sector and pressureless matter. We apply the Noether symmetry approx-
imation to the model to determine both the form of the unknown functions in the Lagrangian
and to reduce the dynamics. The analytical solutions obtained through Noether symmetry show
that the models lead to an accelerated expanding Universe. Finally, representative numerical exam-
ples illustrate an accelerated power-law solution in Branch 2 and a Branch 4 solution in which the
deceleration parameter changes sign during evolution. We also discuss the homogeneous stability
of the obtained solutions in detail. The branches belong to a selected power-law class; Branch 3 is
retained only as a formal classical sector because its Yang—Mills kinetic coupling is negative under
the condition h > 0.

1. Introduction

One of the main problems of modern cosmology is to explain the current accelerated phase of the
Universe. Observations of type Ia supernovae, the cosmic microwave background radiation, the large-
scale structure of the Universe, and baryonic acoustic oscillations indicate that the expansion of the
Universe has recently entered an accelerated phase [1-3]. The simplest theoretical description of this
behavior is to add a cosmological constant to Einstein’s equations. This framework, usually expressed
in the form of the ACDM model, is phenomenologically very successful and explains much of the obser-
vational data with a small number of parameters [4]. However, the cosmological constant faces theo-
retical questions such as the origin of the very small amount of vacuum energy, the fine-tuning prob-
lem, and the simultaneity problem [5-8]. For this reason, in recent decades, several dynamical models
of dark energy have been proposed in which the component responsible for the cosmic acceleration is
time-varying rather than a constant [9-11].

Among the dynamical models of dark energy, scenarios based on scalar fields have a special place.
The quintessence, phantom, k-essence, tachyon, chameleon, and scalar-tensor models are examples
of these frameworks [12-16]. In these models, the scalar field can create a negative effective pres-
sure through potential energy, non-local kinetic structure, or non-minimal coupling to geometry, and
thus lead to cosmic acceleration [17]. In addition, in some models, the possibility of direct interaction
between the dark energy and dark matter components is also considered [18, 19]. Such interactions
can change the cosmic history, affect the transition from the matter-dominant phase to the accelerated
phase, and make the effective behavior of the equation of state different from that of models without
interaction [20, 21]. However, a large part of these studies are based on scalar degrees of freedom, while
vector fields and especially non-Abelian fields can also play an important dynamical role in cosmology.
The use of vector fields in cosmology presents a fundamental challenge [22-24]. A single homogeneous

© 2026 The Author(s). Published by IOP Publishing Ltd
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vector field usually chooses a preferred spatial direction and is therefore incompatible with the isotropy
of the FLRW background [25-28]. To solve this problem, configurations such as triad vectors, random
vector fields, or arrangements with internal symmetry have been introduced [29]. Among them, the
so-called cosmic triad configuration allows the three vector components to be placed in space in such a
way that the resulting energy-momentum tensor remains homogeneous and isotropic in the background
plane [30]. This idea is particularly attractive for SU(2) or Yang-Mills fields, since the internal index of
the moduli group can be aligned with the spatial indices in a symmetric configuration. In such a case,
the background dynamics of a non-Abelian field can be reduced to a single effective variable, while its
origin still lies in a non-Abelian vector section.

A common difficulty in generalized dark-energy models is the freedom in choosing the potential,
non-minimal couplings, kinetic functions, and matter interactions [31, 32]. Although phenomenologi-
cal choices are useful for constructing cosmological models, they may leave the functional form of the
theory weakly constrained [33]. The Noether symmetry approach provides a way to restrict this freedom
from the dynamical structure of the minisuperspace system [34]. Since Noether’s theorem relates con-
tinuous symmetries to conserved quantities [35], the existence of a Noether symmetry in a point-like
cosmological Lagrangian can generate a cyclic variable and a conserved charge [36], which simplify the
field equations and may lead to exact solutions [37, 38]. In this sense, the method can also be used as
a selection criterion for the unknown functions of the model [39, 40]. This approach has been applied
in scalar-tensor theories, f(R), f(T), and f(Q) gravity, Gauss—Bonnet and Horndeski models, tachyonic,
phantom and quintessence cosmologies, and anisotropic backgrounds [32, 41-49]. These studies show its
usefulness in reducing arbitrary choices and identifying conserved structures [50]. However, applications
to vector dark-energy models with a non-Abelian Yang—Mills sector and direct matter interaction are less
developed. In the cosmic-triad configuration, the vector field can preserve FLRW isotropy at the homo-
geneous level [26, 27], while its interaction with pressureless matter can modify the effective pressure
of the total system. This motivates the present use of Noether symmetry for an interacting Yang—Mills
model with non-minimal coupling and exact minisuperspace solutions [51, 52].

The interaction function F(a,£) is introduced phenomenologically at the level of the homogeneous
effective action, following the minisuperspace treatment of interacting dark-energy models [52]. Its scale-
factor dependence is understood within the FLRW reduction. The Noether condition restricts the inter-
action to forms compatible with the selected symmetry, but does not derive a microscopic matter—vector
coupling or establish a unique covariant completion. Constructing such a completion is left for future
work.

Earlier cosmic-triad Noether studies considered Maxwell-type field strengths with fixed kinetic
normalization [30], while related vector models examined non-minimal curvature or torsion couplings
[27, 28]. Interacting quintessence studies instead applied the symmetry construction to a scalar dark-
energy field coupled to matter [52]. The present work combines an SU(2) cosmic triad, a variable
kinetic coupling, a non-minimal curvature coupling, and a reconstructed matter interaction within a
separable power-law class. Its specific results are the corresponding algebraic branches and their intersec-
tions, the constrained exact background solutions, and a homogeneous stability analysis that includes the
Hamiltonian constraint and perturbations of the conserved Noether charge.

The main aim of this work is to study an interacting Yang—Mills quintessence cosmology in which
the dark-energy sector is represented by a non-Abelian vector field in the cosmic-triad configuration
[26-28]. In this setting, the homogeneous dynamics of the SU(2) vector sector is described by the effec-
tive variable & = 3¢?, where ¢(t) is the common homogeneous amplitude of the three spatial vectors
in the cosmic-triad configuration. The model contains a non-minimal coupling f(§) to the Ricci scalar,

a Yang-Mills kinetic function I(£), an effective potential Vg (£), and an interaction function F(a, &)
between the vector sector and pressureless matter. After deriving the point-like Lagrangian in the FLRW
background, we obtain the Hamiltonian constraint and the Euler—Lagrange equations and rewrite them
in terms of an effective fluid description. This formulation is then used to discuss the acceleration con-
dition, the crossing of the effective boundary weg = —1, and de Sitter or quasi-de Sitter regimes. The
Noether symmetry method is applied in the minisuperspace (a,£) to constrain the admissible forms of
the coupling, potential, and interaction functions. For the relevant symmetry branches, adapted variables
are introduced, cyclic coordinates and conserved charges are identified, and exact cosmological solutions
are obtained. The homogeneous stability of these solutions is also examined, and representative numeri-
cal examples are used to illustrate their background evolution.

The structure of the paper is as follows. In section 2, the interacting Yang—Mills quintessence model
is introduced, and the point-like Lagrangian, field equations, effective-fluid quantities, and acceleration-
related conditions are derived. In section 3, the Noether symmetry approach is applied, the algebraic
branches are obtained, and the corresponding cyclic variables, conserved charges, and exact solutions
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are presented. In section 4, the homogeneous stability of the Noether solutions is investigated within the
same minisuperspace framework. In section 5, numerical examples are given for selected branches to
show the qualitative background behavior of the model. Finally, section 6 summarizes the main results.

2. Interacting Yang—Mills quintessence cosmology

In this section, we construct an interacting dark-sector cosmological model in which an isotropic non-
Abelian vector sector replaces the scalar degree of freedom of the usual interacting quintessence scenario.
The basic idea is to preserve the minisuperspace structure of interacting quintessence, while replacing
the canonical scalar kinetic term by the kinetic contribution of an SU(2) vector multiplet arranged in a
cosmic-triad configuration. We consider the action

A= [y [f(f)R — O S ELF V() + L (g 6)] 1)

where R is the Ricci scalar, I(§) is a general kinetic coupling function, and V(&) is a self-interaction
potential. The scalar quantity

3
=) ALAw (2)
a=1

is a Lorentz scalar constructed from the vector multiplet. The matter sector is assumed to be non-
trivially coupled to the vector dark-energy sector through

Em (g/wag) =Ly (g;w)"'ﬁgr (guu7§)~ (3)

Here, L£,,(g,.) represents the Lagrangian density of pressureless matter, for which we take £,,(g,,) =
—Ma~>. The interaction part of the matter Lagrangian is assumed to have the form £"(g,,,,£) =
—Ma3F(a,£), where M is a positive constant associated with the matter density and has the dimen-
sion of energy density in natural units, while F(a,£) is an arbitrary dimensionless function characterizing
the dark-sector interaction. The expressions involving a specify the homogeneous matter sector; a micro-
scopic covariant matter-interaction Lagrangian is not constructed here. The field-strength tensor of the
SU(2) vector multiplet is defined as

Fl, = 0,AL — 0,A% + g, AV A, (4)
where g, is the non-Abelian coupling constant and "’ denotes the structure constants of SU(2). We
use the metric signature (—,+,4,~+) and units such that ¢ =% = Mp = 1. We assume a spatially flat
Friedmann-Lemaitre-Robertson-Walker geometry,

ds* = —d7 + (1) (& + dy? + d22), 5)

where a(t) is the scale factor and H = a/a is the Hubble parameter. A single homogeneous vector field
would generally select a preferred spatial direction and would therefore spoil isotropy. For this reason,
we adopt the cosmic-triad configuration

Ay=0,  Af=dta(r)o(t), (6)
which preserves homogeneity and isotropy at the background level. For this ansatz, one finds

£=3¢"(1). (7)

Thus, the homogeneous vector sector can be described by the single background variable £(¢), with the
restriction £20. In particular, the parametrization in terms of ¢ is singular at £ = 0, whereas the origi-
nal variable ¢ is regular there. Hence, the minisuperspace description below is to be understood on the
branch £ > 0. Substituting the FLRW metric and the cosmic-triad ansatz into the action (1), and remov-
ing total-derivative terms from the Einstein—Hilbert part, we obtain the point-like Lagrangian

£= 6 (110~ 1€ )it (1 (© - 11(©)) P+ Tl ova-mi+F@E. ®
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where
V= V() + IO, ©)

and a prime denotes differentiation with respect to £. The restriction to & > 0 stated after (7) is reflected
in the coefficient I(£) /€ in (8). The Jacobian of the map (7) vanishes at ¢ = 0, so this map is not locally
invertible there. This is a limitation of the £ coordinate; regularity of a particular model at the origin
also depends on its coupling and potential functions. By introducing h(§) = f(§) — 51(£)¢, the point-like
Lagrangian can be rewritten as

1 L a@I(8)
£=—oh(ar —6 (' (©)+ 151" (©) ) i + TLEE Vel - MU+ P (0)
The Hamiltonian energy function associated with the point-like Lagrangian is
oL
Er=a— — —ﬁ 11
c=ag+ f o (11)

Using (10), and imposing the Hamiltonian constraint E; = 0, one obtains

(@) = =3 (1) + 561" (©) ) 1+ N0+ vaa()+ 2

T6¢ 5 [1+F(a,&)]. (12)

Variation of the point-like Lagrangian with respect to the scale factor a(t) yields the following accelera-
tion equation:

) 2t 3t == 20 (1~ (1) + 161" (©) ) €

(13)
I M OF
- (MO+ U@ +er"©)+ 12 ) €4 3Va(©) + 5
The equation of motion for the variable £(¢) is obtained by varying the point-like Lagrangian with
respect to £. This gives
. L1 [I(6) 24¢ 1., : / LY
Eroie s (T8 -)e- 2| (wo+ ger @) i+ (' @+ per© ) ] "
75 |:V’ (6) + M8F:| =0
BTG A

2.1. Effective fluid description
The Hamiltonian constraint can then be written in the standard Friedmann form 3H % = p.g, provided
h(&) # 0, where the total effective energy density is

! ! 1€) M
of = —— | —3 [ h’ —£I’ HE + 222 ve — (14 F(a, ) 15
pa= g | (M@ + per @) me+ e lva@ + S a+Fwo)]. 09
Similarly, using the corrected scale-factor equation, the second Friedmann equation is written as 2H +
3H? = —p.f;, with the effective pressure

1 .
efi = —— [2h' (§)HE+ | B +1 I’
par= e [ @+ (W) + 561" ©)) €
" i " ( ) '2_1 _ﬁ@F(a,{)

@+ o+ @+ 1) e - e - 2 EED] ag

The effective equation-of-state parameter is defined by
weffEM~ (17)

Peff
Using equations (15) and (16), one obtains
20" (§)HE + (' (&) + $561" () €+ [ () + 1 (1" () +€1" (€) + 1] € — 1Vear() — 5 20 s
Weff = .
' =3 (7 (&) + 517 (©) HE+ S22+ 1 (€) + 24 [1 4+ F(a,0)]

This expression is well defined provided that peg # 0.
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2.2. Late-time acceleration and cosmological evolution

The effective description introduced above allows one to discuss the accelerated phase directly in terms
of the total equation-of-state parameter. Since the Hamiltonian constraint has been written in the stan-
dard form 3H? = peg, the acceleration of the scale factor is controlled by

a 1
a1+ 3w, 19
p 6Pff( + 3wer) (19)

Therefore, on an expanding branch with peg > 0, accelerated expansion occurs whenever

1
Weff < —=. (20)
3
A quasi-de Sitter phase corresponds to weg >~ —1, or equivalently |H| << H2. Thus, the model can
account for the recent accelerated expansion if the combination of the Yang—Mills effective potential,
the non-minimal coupling terms and the interaction contribution in (18) drives the effective pressure to
sufficiently negative values at late times.
For a more explicit form of the acceleration criterion, it is useful to introduce

B = (©)+ €0 (€). ey

Using equations (15) and (16), and assuming the physical branch h(§) > 0, the condition peg + 3per < 0
becomes

3BE+3(2h' — B)HE + <3B’+ I) &~ V+ M (1+F) — MOE_y, (22)
4¢ 2a3 a? Oa
This condition shows that the effective potential contributes in the direction of acceleration, while the
ordinary dust contribution tends to decelerate the expansion. The interaction term can either help or
oppose acceleration depending on the sign of %. In particular, for % > 0, the interaction produces a
negative pressure contribution and can reduce the value of wes. The kinetic and non-minimal deriva-
tive terms determine whether the transition is of quintessence type, phantom-like, or close to a de Sitter
regime.

A simple late-time regime is obtained when the field evolves slowly on cosmological time scales. In
this case the terms proportional to § s { , and éz in (22) are subdominant. The acceleration condition
then reduces to

MOF M

> — (1+F). (23)

\Vs Bl
eff + 2a%2 Oa = 2a’

For vanishing interaction this gives the usual requirement that the potential energy of the dark sector
must dominate over the matter density by a sufficient amount. In the interacting case, however, the sec-
ond term on the left-hand side of (23) can assist the onset of acceleration. Hence, even if Vi is not by
itself large enough to dominate at the present epoch, a suitable interaction function with % >0 can
generate a negative effective pressure and trigger the transition from deceleration to acceleration.

The condition for crossing the cosmological-constant boundary is also transparent in this formula-
tion. From peg + pesr = 0, one obtains

.. 1 . I\ . M M OF
BE— W+ €1 | H B +—)&+—(1+F--——= 24
¢ ( +4§ ) £+< +85)§+2a3(+ ) 6a* da (24)
This relation indicates that the potential cancels out of the exact w.g = —1 condition. Therefore, the

approach to or crossing of the phantom divide is controlled by the kinetic sector, the non-minimal cou-
pling functions, and the interaction pressure. For I > 0, a purely kinetic contribution tends to oppose
phantom-like behavior, while the mixed terms proportional to H and the interaction term propor-
tional to % may allow wegr to become smaller than —1 without requiring a negative Yang—Mills kinetic
coupling.

A particularly important possibility is a late-time fixed point with constant £ = £, and nearly con-
stant H = H,. If the matter and interaction contributions dilute asymptotically, equations (12) and (14)
give

Hf _ Veff(f*) (25)

6h(&)
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together with the algebraic condition

(f*) eff (6*) Zh/ (6*) + 25*11 (5*) Veff (5*) =0. (26)

Thus, a de Sitter solution exists if there is a positive root &, > 0 satisfying (26), with h(£,) > 0 and
Veir(€4) > 0. In this case the Yang-Mills self-interaction, including the non-Abelian contribution con-
tained in Vi, acts as an effective dark-energy source. If the fixed point is stable under homogeneous
perturbations, the solution can describe the asymptotic future of the Universe. The interaction sector can
also support a de Sitter-like phase. If the interaction contribution does not dilute but instead approaches
a constant effective density, then asymptotically it must satisfy

OF
a—~3(1+4+F). 27
e =30 @7)
In that case the interaction behaves as a cosmological-constant component at the background level. More
generally, if at fixed ¢ the interaction grows as F(a,&) o a°, then the interaction-dominated equation of
state is approximately
s
Wing 2 — - (28)
Consequently, s > 1 gives accelerated expansion, s = 3 gives a cosmological-constant-like contribution,
and s > 3 gives a phantom-like effective behavior. For such an interaction, the transition from a matter-
dominated era to an accelerated era occurs approximately when

(s—1)F(aw,&:) = 1, (29)

provided that the field-velocity terms and the potential contribution are subdominant near the
transition.

These conditions show how a consistent background history can be obtained. At early times, if
F< 1, h(§) is slowly varying, and the terms involving ¢ are small compared with the dust term in (15),
the model admits an effectlvely matter-dominated stage with weg ~ 0. As the Universe expands, the dust
density decreases as a—>, while the potential part of the Yang—Mills sector or a growing interaction con-
tribution can become dominant. The transition occurs when (22) changes sign. At late times, the system
approaches accelerated expansion if either the field settles near a stable solution satisfying (26), or the
interaction sector satisfies a scaling close to (27). Therefore, the present accelerated expansion can be
reproduced in this framework, but it is not automatic; it requires a physical branch with 4 > 0, a posi-
tive total effective energy density, and either a sufficiently dominant positive Vg or an interaction func-
tion whose scale-factor dependence produces negative effective pressure at late times.

3. Noether symmetry approach

Starting from the point-like Lagrangian (10), we now apply the Noether symmetry method in the min-
isuperspace Q = {a,£}. The first prolongation of a point transformation on the tangent space TQ =
{a,£,a,&} is written as

0 0 a 17}
_a(a7€)$+ﬁ(a7€)87§+a<a7£)%+B<a7£)67£7 (30)
where
o aa. . 0B, 0B,
o= —— 865, 5—7 +67§ (31)

We denote the configuration-space generator by X=ad, o + B0, so that the vector field in (30) is its
first prolongation, X = X {1, Adapted coordinates satisfy Xz=1 and Xv = 0. In these coordinates X = 0y
and (32) makes z cyclic in the transformed Lagrangian; v is constant along the symmetry orbits, but
need not be constant in time.

In the absence of a gauge term, the Noether symmetry condition is

XL =0. (32)
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Since the Lagrangian (10) is quadratic in the velocities, equation (32) gives a polynomial in 4 and £
Therefore, the coefficients of a2, a&, €2, and the velocity-independent part must vanish separately. Using
the definition B(£) = h'(£) + 5£17(€), introduced in equation (21), the determining system takes the
form

ho + ah 6+2ah% + 2825 0, (33)
, oo aa op a’l 9f
3a’1 I’ 100 @’10B
= — 60 Bz + o =0 35
sty (s 52)5 o tagoe =" =
and
(3a veff+Ma ) +B< eff+Mg§> =0. (36)

Equations (33)—(36) constrain the unknown functions «(a,&), 8(a,&), h(§), I(§), Ver(§), and F(a,§).
Hence, the existence of a Noether symmetry selects admissible functional forms for the non-minimal
coupling, the Yang—Mills kinetic coupling, the effective potential, and the interaction term. The con-
served Noether charge associated with the generator (30) is obtained from

oL oL
For the Lagrangian (10), this gives
¥ = — (12hac+ 6a’BB) a+ ( 1 B — 6a28a) é. (38)

The conservation law dX/dt = 0 provides a first integral of the minisuperspace dynamics. Therefore,
once a solution of the determining system is specified, the cosmological equations can be reduced by
using the corresponding cyclic variable associated with the Noether symmetry. We now impose the
power-law ansatz for the effective potential,

Veff (5) = Vogna VO 7é Oa n 7é 0. (39)

Following the separable Noether construction, we take

a(ﬂ,g) = aoadff’ ﬂ (6l7£) = Maoad—lgf-i-l’ Q) 7& 0. (40)

To close the determining system, we assume compatible power-law forms for the functions appearing in
the point-like Lagrangian,

h(&) = ho&™, I(&) = w&™ . (41)

With this choice,
—1
B(€) = <th T ('”12)“)) gm1, (42)

The choices in (39)—(41) define a particular solvable class of the determining system, rather than its
general solution. On the domain a > 0 and £ > 0, the relative powers in the generator components
and coupling functions allow a common monomial factor to be removed from each kinetic determin-
ing equation. The remaining conditions therefore reduce to algebraic relations among the exponents
and amplitudes. The effective-potential ansatz is a compatible choice within this construction; it is not
uniquely imposed by Noether symmetry while the interaction remains free. Other functional forms or
generators may admit additional symmetries and are not excluded by this analysis.

Substitution of (40)—(42) into (33)—(35), and removing the common non-vanishing factors, gives

ho(14+pum+20)+p(o—1) {mh0+(m121)m] =0. (43)
24p(m—1)+o+p+1)] {mhﬁ(’"z;)ﬂ +20hg — <02_41)L° = 0. (44)

7
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and

- - ¢
—6f[mho+(mlzl)bo}-ﬂo [Z+u(m8 2)+u(4+1) o (45)

The velocity-independent equation (36) does not impose a direct relation between p and #, because
the interaction function F(a, &) is still free. Instead, it reconstructs the admissible interaction. For the
ansatz (40), the velocity-independent equation (36) reduces to

OF  pEOF _ Vo

2¢n
8a+76§_ M(3+/m)a£. (46)

The characteristic invariant of this first-order equation is
w=~Ea " (47)

Therefore, the general solution can be written as

F(a,§) = F (§a) - 100" (48)

where F is an arbitrary function of its argument. In the special case 3 4 pn = 0, the source term in (46)
vanishes. Then a>¢" is itself a function of the invariant £ a—#, and the second term in (48) can be
absorbed into F. Hence the interaction reduces to the homogeneous form

F(a,6)=F (¢a™). (49)
Thus, the total potential term in the reduced Lagrangian depends only on the Noether invariant w,
@ Vet (€) + M[1+F(a,&)] = M[14 Fy (w)]. (50)

where Fy denotes the Noether-invariant combination obtained after absorbing the potential contribu-
tion into the homogeneous interaction function. For obtaining explicit exact solutions, the remaining
Noether-invariant part of the interaction is chosen in the power-law form

1+ Fy(w)=Aw",  A#£0. (51)

Equation (51) is a further choice made to obtain explicit solutions, since the symmetry condition leaves
an arbitrary function of the invariant in (50).

It is useful to solve the algebraic system (43)—(45) in terms of the ratio between the two coupling
amplitudes. We therefore introduce

2

,‘
Il
|S

’ CEm_'_(mfl)r

0 (52)
0

=

where hy # 0. In terms of these quantities, the common combination appearing in (43)—(45) is hoC. In
the regular sector

24 uC#0,  24C— pr #0, (53)
the first and third equations can be solved for o and ¢. This gives

:u(C—m)—l (34 pum)

= "7 54
2+uC 2(24C — pr) (54)

Substituting (54) into (44), and clearing the non-vanishing denominators specified in (53), one obtains
the factorized condition

(r+12) (mp+3) [(m— 1) r+ 12m2} [ (4m — 1 — 4) + 48 (mp +1)] = 0. (55)

Thus, the Noether symmetry conditions split into four algebraic branches. These branches are defined as
follows:

Branch 1: r=—12, (56)

8
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Branch 2: w= , (57)
m
—12m?
Branch 3: r= 7’“2, (58)
(m—1)
4 1
Branch 4: r= —M. (59)
p(4m—p—4)

It should be noted that the explicit forms of the algebraic branches are valid only when the correspond-
ing denominators are non-vanishing. In particular, Branch 2 requires m # 0, Branch 3 requires m # 1,
and Branch 4 requires p(4m — 1 — 4) # 0; if these conditions are not satisfied, the corresponding factor
in equation (55) must be analyzed directly. In Branch 4, this leads to the degenerate subcase m =1/2
and p = —2, for which the fourth factor vanishes independently of r, subject to the regular-sector condi-
tion r # —12. In what follows, we analyze each of the admissible branches obtained from equation (55)
in detail, taking into account their regularity conditions and possible degenerate subcases.

It is necessary to separate the algebraic branches obtained from the Noether determining equations
from the sectors that remain physically admissible in the original four-dimensional theory. The first
branch, given by equation (56), corresponds to r = —12. Using the definition of h(£), this condition
implies

(&) = h(€) + 1€ =0. (60)

Therefore, the curvature coupling f(§)R in the action (1) vanishes identically in this branch. As a result,
this sector does not represent a non-minimally coupled Yang—Mills quintessence model with an active
curvature contribution. Moreover, on the branch £ > 0, the condition k(§) > 0 requires hy > 0, while
r=—12 gives I(§) < 0. Hence Branch 1 cannot simultaneously satisfy a positive effective gravitational
coupling and a positive Yang—Mills kinetic coupling. For these reasons, Branch 1 will be regarded only
as an algebraic solution of the Noether system and will not be included in the construction of physical
cosmological solutions or in the homogeneous stability analysis. In the following subsections, we restrict
attention to the retained algebraic sectors of Branches 2—4. Branch 3 is included for its formal classical
solutions, subject to the kinetic-sign limitation discussed below.

3.1. Branch 2
3.1.1. Generic constrained solution

We now consider Branch 2, defined by equation (57). Since this branch follows from the factor mu +
3 =0, one has

w=-— m 0. (61)

The coupling functions remain

RO =he", 1O =rhe", B =hee,  c=m+ "D ()
For later use we define
Ky =32m*+ (4m* —4m+3)r, D, =24m’>+ (2m’ —2m+3)r. (63)
In this branch, the regular-sector conditions (53) become
dm+ (m—1)r#0, D, #0. (64)
In the generic sector, after excluding the r = —12 sector and avoiding the intersections with Branches
3 and 4, we also assume
r£—12, (m—17r+12m>£0, K, #0. (65)
Using equation (54), Branch 2 gives
o=1, (=0. (66)
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The corresponding adapted variables may be chosen as

1
v=_Ea F=¢adm, z= —Ina, (67)
Qo

which satisfy Xz =1 and Xv = 0. The inverse transformation is
a= eaoz’ 6 — pehaz — Ve—3agz/m. (68)

Using equations (50) and (51), the point-like Lagrangian can be written in the reduced form

Lgy = hov™

. N\ 2
v v
A2+ Byz-+ G, () ] — MAV, (69)
v v
where the subscript B2 denotes the generic sector of Branch 2, characterized by mu + 3 = 0 together
with the non-overlap conditions (65). The constants appearing in equation (69) are

Ay = — K5, B, = —ﬂDZ, G = z. (70)
m 8

Introducing
y="1 (71)

the Euler-Lagrange equation for the cyclic coordinate gives the conserved momentum

gy = % = hgv™ (24,2 + B,Y). (72)

The equation obtained by varying v in the reduced Lagrangian (69), using the Euler—Lagrange equation,
is

. MA
Bz +2Co¥ = mZ +mCY 4 = " =0, (73)
0
The Hamiltonian energy function associated with equation (69) is
Epy = hov" [A22 + BzY + G Y ?] + MAv. (74)
The Hamiltonian constraint is imposed by setting
Eg, =0. (75)
For A, # 0, equation (72) gives
b B
p= o L (76)
2A2h0‘l/m 2A2
Substitution into equation (75) yields the first-order equation
1 [ X3
Y2 - _ _“B2 ., —2m MAY—™ 77
hoGs [4A2hov L 77

where

B m* (r+12) {(m —1)°r+ 12m2}
G=0CG——=— . 78
2=C 6, (78)

Thus, the generic constrained dynamics is determined by the quadrature

v d
t—tozi/ u{ 1[22 u (79)

/2
_ _ZB2 4,—2m v—m
i [+ MAw | }

together with

. ’ ZBZ _ Bz V(T)
Z(t) =2 +/ |:2A2h01/(7)m 2142‘/(7_):| dT, (80)

where z; is an integration constant. The scale factor and the field variable are then obtained from
equation (68).

10
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3.1.2. Zero-charge sector
A closed solution is obtained in the zero-charge sector ¥, = 0. In this case,

, B, ¥ N\ MA
zZ=——-, -] == v
2A2V 1% hQG2

Defining

. MA

K= ——,

2 hoG,

with k30, one finds, for v # m,
2
e _y T
v(t)=|vy 2 +e Ko (t— 1) , e=+l1,

where v, is an integration constant. For v = m, the corresponding solution is
v(t) = voesr2(t=h).

The cyclic variable is

Hence,

1— 32

where

OéoBz - sz
24, 3K,

3
foao/m = 1.

p2=—

3.1.3. Constant-invariant sector

(81)

(82)

(83)

(84)

(85)

(86)

(87)

The constant-invariant sector v = v, gives another closed solution. In this case, equations (73) and (75)

imply
MA
v=—m, z(t) =z + 2z (t—1p), Z=— vy 2"
hoAz
The conserved momentum is then constrained by
3aghoMA
Shy = —4hgALMA = - ="K,
B2 0412 2m2 2
Using equation (68), the corresponding cosmological solution is
a(t) - aOeA(t_tO)a €(t) = goe_SA(t_tO)/m7 foﬂg/m =0,

where

5 8m’MA _,
= — v,
3hokCy °

m

(88)

(89)

(90)

(91)

Thus, in the generic sector of Branch 2, the dynamics is reducible to the first-order form (77); the zero-
charge sector gives the explicit solution (86), while the constant-invariant sector gives the exponential

solution (90).

11
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3.2.Branch 3
3.2.1. Couplings and physical limitation
We now consider Branch 3, defined by (58). In this branch one has

12m? m
it L T ©2)
and therefore
BE) = ™. 1€) = —— 2" el B = - e (93)
(5)* 05 ) (g)*f(m_l)z 05 ) (5)*77”_1 Of .

For this branch, the original curvature coupling is reconstructed as

1 1—2m
f)=h(€)+SI1(E)§=hi"—5- (94)
12 (m—1)
Therefore, unlike the excluded r = —12 sector, Branch 3 has a non-vanishing curvature coupling for m #

1/2. However, if the condition h(£) > 0 is imposed on the branch £ > 0, then hy > 0, and equation (93)
gives I(¢) < 0. Hence Branch 3 should be understood as an active-curvature sector with a wrong-sign
Yang—Mills kinetic coupling. In the local high-frequency limit, the transverse Yang—Mills fluctuations
retain the kinetic sign of I(£) in (1). Consequently, the negative coupling gives negative-energy direc-
tions in their quadratic Hamiltonian and obstructs a perturbatively healthy quantum interpretation [53].
The degeneracy of the homogeneous reduced Lagrangian does not remove these inhomogeneous modes,
and conditional homogeneous stability cannot establish their absence. Branch 3 is therefore retained
only as a formal classical solution of the Noether system, not as a viable ghost-free dark-energy sector.
An effective-theory interpretation alone does not resolve this problem; any proposed resolution would
require a consistent modification of the theory and a full perturbation analysis. The condition & > 0 is
a background restriction and does not by itself establish positivity of the physical perturbation kinetic
terms.

It is useful to introduce

As=mp—2(m—1). (95)
The regular-sector conditions (53) reduce to
m#£0,1,  A;£0. (96)

The value m = 1/2 gives r = —12 and therefore belongs to the excluded algebraic sector discussed above.
In the generic non-overlapping sector we also take

m;é%, mp+ 3 # 0. (97)

3.2.2. Generic constrained solution
Using (54), one obtains

mip+m—1 m(mp+ 3)
= b= ————. 98
o A ; A, (98)
Since
3
1—a—uezm“2+ 7 (99)
a convenient adapted coordinate system is
v=~&a ¥, z= #alf"(‘. (100)
ag (mp+3)
These variables satisfy
Xz=1, Xv=0. (101)
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Thus, z is the cyclic coordinate and v is the corresponding Noether invariant. The inverse transformation
is

a= [ao(mu+3)z]m“2“v_&7 §= [ao(mu+3)z}mi”+3v_z(231)' (102)
2 2
Using (50) and (51), the point-like Lagrangian reduces to
Lz = —A3v*2 — MAYV”, (103)
where
Az = zaého(mA_gl)z, s3z—m(2+3+1). (104)

The absence of v in (103) follows from the degeneracy of the kinetic sector in this branch.
The Euler—Lagrange equation for the cyclic coordinate gives the conserved momentum

Yps = % = 245175, (105)

The equation obtained by varying v in the reduced Lagrangian (103), using the Euler-Lagrange equation,
is

Asssv® 12+ MA ! =0. (106)
The Hamiltonian energy function associated with (103) is
Eps = —Asv*2 + MAY”. (107)
The Hamiltonian constraint is imposed by setting
Epz = 0. (108)
Combining (106) with (108) gives

m(2m+1)

A (109)

V= —8§ =

The same constraint fixes the conserved momentum as

Az
m —

Real solutions require the right-hand side of (110) to be non-negative. Since the invariant v is not fixed
by the reduced equations, the constrained solution can be written as

b ! —s
Z(t)zzo—z—jz v(T) T dr, (111)

together with (102).
3.2.3. Constant-invariant scaling sector
A closed scaling solution is obtained by taking the invariant to be constant, v = vy. Then

2
MA _,, 2MA(m—1)" _,,

t) = t—t Z=— =L 112
z(t) =zp+2z1 (t—tp), 1A Yo 3a2hy Al Yo (112)
Substitution of (112) into (102) gives
2
-2 o (mp+3 mut3
a)) =y 5 [ 2D |7 (113)

2
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and

ETCES VN P ==
E(t)=v, 43 70(5 )(z0+z1(t—t0)) . (114)

After a shift of the origin of time, this solution can be written as

a()=as(t—1,)m0, () =&(t—1)mD,  &Gayh =wn. (115)

3.2.4. Intersection with Branch 2
The limiting case mu + 3 = 0 is the intersection of Branch 3 with Branch 2 and is not covered by (100).
For m # —1/2, a regular adapted choice is

1 3
z= —1Ina, v=_¢ga¥m, n=—-—. (116)
(%)) m

The inverse map is the same as (68). In this overlapping sector, the reduced Lagrangian becomes

2

3h V
Lpnp3 2—7021/"1 %) (2m+1)2—mz — MM, (117)
2(m—1) v
Defining
. v
Qs =ay(2m+1)z—m-—, (118)
v
the conserved momentum is
3hoay (2m+1
Sy = — 2020 @D g, (119)

(m—1)°

The equation obtained by varying v in the reduced Lagrangian (117), using the Euler-Lagrange equation,
is

. v 2(m—1)"MAv
205 +2m-Qs + Q3 + ¥v"f’” =0. (120)
1% 3hom
The Hamiltonian energy function is
3h
EBZF‘IB?} = —7021/’”9% +MAVV. (121)
(m—1)

Imposing Epynps = 0 and taking the constant-invariant sector v = vy, the constrained equations imply

IMA(m—1)
v=—m, zZ(t) =z +z (t—1y), ="y 122)
==+alt=h) " Bhged 2m+ 1) " (

The conserved momentum is then constrained by

602hoMA (2m+1)°

2123an3 = (m— 1)2 (123)
Using (116), the corresponding cosmological solution is
a(t) =ape ), E(t) = e MM el =y, (124)
where
M= M o . (125)
3hy(2m+1)

Thus, the generic regular sector of Branch 3 gives the power-law solution (115), while its intersection
with Branch 2 gives the exponential solution (124).

14
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3.3. Branch 4
3.3.1. Generic constrained solution
We now consider Branch 4, defined by (59). It is convenient to introduce

Fy=p+4—4m, Ay =mp—2m+2.

Then (59) can be written as

48 (mp+1) mu® +4m — 4
r=——— C=—7-+—.
pl'y uly
The corresponding coupling functions are
. 48(mp+1), .
R O N IR

The regular-sector conditions (53) imply
n#0, I'y#o0, w+2#0, Ay #0.
In the generic sector of Branch 4, which does not overlap with Branch 2, we also take
mp+3 #0.
Using (54), one obtains

:4m2u—4m;¢+8m—p—8 627(m,u—|—1)(mu+3)
(H+2) Ay ’ (1+2)Ay

These parameters satisfy
1—0—pul=mu+3.
Therefore, a convenient adapted coordinate system is

v==Ea ", z=———qa"79¢ "4

The variables (133) satisfy
Xz=1, Xv=0.

Thus, z is the cyclic coordinate and v is the Noether invariant. The inverse transformation is

a—= [Oé() (m,u + 3)2]@ v (‘:nrz-;—lA4 , f = [ao (m’u + 3)4% V(u-{z“)AA, .

Using (50) and (51), the point-like Lagrangian reduces to

Lpa= A 2Y — MAY,  Y=1,

v
where
A ~ 6aghy (1 +2) Ay ; _ Am’ A 2mp—4m+3
o 'y o (h+2)Aq

In this branch, the kinetic sector contains only the mixed term z#/v in the adapted variables.

The Euler—Lagrange equation for the cyclic coordinate gives the conserved momentum

Yps = aﬁ?‘* = ApMY.
0z

(126)

(127)

(128)

(129)

(130)

(131)

(132)

(133)

(134)

(135)

(136)

(137)

(138)

The equation obtained by varying v in the reduced Lagrangian (136), using the Euler-Lagrange equation,

is
Asz+ MAVY ™ =0.

15
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The Hamiltonian energy function associated with (136) is
Epy = Ayv*z2Y + MAYVY. (140)
The Hamiltonian constraint is imposed by setting
Eps = 0. (141)

For MA # 0 and v > 0, the constrained system requires g4 7 0. Combining (138) with (141), one
obtains
v B4 . MA

= = —— Y, 142
A4VS47 z 234 v ( )

The first equation in (142) gives, for s4 # 0,

v(t) = [vf; 4 Sa2ma (t— to)} . (143)

For s4 = 0, the corresponding solution is

v(t) = voexp [i}jl (t— to)} ) (144)

The cyclic variable is obtained from the second equation in (142). For v +s4 # 0, it is

A4MA |: vts, +s
2() =z — —— 0 |y(e) T 4}. (145)
( ) 0 21234 (V+S4> ( ) 0
For v + s4 = 0, one instead obtains
AsMA <V(t)>
z(t) = z9 — In{ —= ). (146)
1) =2 D Yo

The scale factor and the field variable follow from (135). Defining

Z4(t) = ap(mp+3)z(1), (147)
one obtains
1 mp+1 ©" Iy
a(t)y=Z,()™ P v(t)” G ) E()=Z, ()™ P v (1) Wa (148)

Equations (143)—(148) give the constrained cosmological solution in the generic regular sector of Branch
4.In contrast with the degenerate Branch 3 sector, a constant-invariant solution with v = v is not com-
patible with (141) when MA # 0.

3.3.2. Intersection with Branch 2
The limiting case mu + 3 = 0 lies at the intersection of Branch 4 with Branch 2 and is not covered
by (133). In this case

3 32m*
p=—" =, =4m®—4m+3, (149)
m H4
with
1 3
m# 0, m7é75, m#i (150)
A regular adapted coordinate system is
3/m 1
v=_Ea*m, z=—Ina. (151)
Qo
The inverse transformation is
a=e"%, & = yed0z/m, (152)
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The reduced Lagrangian becomes

£B20B4 = hov”‘ [3242 Y+ C24Y2:| —MAVV, Y= X, (153)
14
where
2 2m—3)(2m+1 4m?
3245— Oéom( " )( m+ ), C24E—£. (154)
11, 11y

The conserved momentum associated with the cyclic coordinate is
Yp2npa = hoBasv™Y. (155)

The equation obtained by varying v in the reduced Lagrangian (153), using the Euler-Lagrange equation,
is

BouZ 4+ 2Cp Y+ mCp Y2 + 1\4}110\%%"1 —0. (156)
The Hamiltonian energy function is
Epynps = hov™ [BauzY + CosY *] + MAY. (157)
Imposing Egynps = 0 gives
Yo Y B2nB4 7 . CoaXponBs o MA W (158)
hoBagv™ hoB3, Y B2B4

The constrained system requires ¥pynps 7 0. From (158), one finds

m

v(t) = [vg+mEBZ”B‘*(tto)] : (159)
hoBos

For v + m # 0, the cyclic variable is

C24 v (t) hoBz4MA v4m +
— 22 iy o _yptm| 1
z(t) =z By n( " —221320134 ot {v(t) vy ] (160)

For v +m = 0, it becomes

BoyMA
2(t) =2 — [C“Jrhoz”} In <V<t>> (161)
By Xhpa Vo
Therefore,
a(t) = e, (1) = v () e 30z 0/m, (162)

3.3.3. Degenerate regular subcase
There is also the degenerate regular subcase mentioned after (59), namely

m=—

X w=-2, r#—12. (163)

For this subcase, the general expressions (54) give

r—12 r
= Y4

o=—07:, = . (164)
r+12 r+12
An adapted coordinate system is
2 1 24 T
v=~&a", z= atEgT e, (165)
20[0
The inverse transformation is
a= (Zaoz)l/zvl(”;m , € = (2ap2)"" yiT (166)
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The reduced Lagrangian is

Lost = ApP2Y — MAYY, Y= E (167)
where
. 12 4
A= QfelH12) o 3(rtd) (168)
4 2(r+ 12)

The conserved momentum, the v Euler-Lagrange equation, and the Hamiltonian energy function
obtained from (167) are

Ypad = Ag™Y, (169)
Az + MAY ™5 =0, (170)
and
Epag = Agv2Y + MAVY. (171)
After imposing Epsg = 0, one obtains
YBad . MA
Y=—, z=— W (172)
Ay YBad
For S4 7£ 0,
Y o
v(t) = [vf{‘ 4 A to)] , (173)
Ay
whereas for 5, =0,
by
v(t) =vyexp [ Bad (t—to)} . (174)
Ay
For v 435, # 0, the cyclic coordinate is
AsMA Vs 45
zt:z—f[vt f 5“}. (175)
( ) 0 21234(] (I/—|—S4) ( ) 0
For v +354 =0, it is
AyMA t
z(t) =29 — 42 In <v()> . (176)
2had Yo

Finally, the corresponding scale factor and field variable are

a(t) = Qaoz())Pv(H)™® | £(1) = Qaoz(1)  v(t) e (177)

Equations (148), (162) and (177) summarize the constrained cosmological solutions arising from the
admissible sectors of Branch 4.

4. Homogeneous stability of the Noether branches

In this section we study the homogeneous stability of the exact cosmological solutions obtained from
the Noether-reduced dynamics. The analysis is performed for the retained branches in the adapted
variables used in the previous section. For each branch, the background solution is perturbed inside
the same minisuperspace sector, and the linearized Euler-Lagrange equations are supplemented by the
Hamiltonian constraint and the conserved Noether charge. Since some branches have degenerate kinetic
sectors, stability is not inferred only from the kinetic matrix. Instead, the independent perturbation
equations are derived explicitly. A solution is regarded as asymptotically stable only if all independent
homogeneous perturbations decay at late times. This criterion concerns homogeneous evolution only
and does not establish the absence of ghosts or gradient instabilities in the four-dimensional theory. In
particular, the Branch 3 results remain subject to the negative-kinetic-coupling limitation discussed in
section 3.2.

18



10P Publishing

Phys. Scr. 101 (2026) 405003 A Rezaei Akbarieh and Y Kucukakca

4.1. Branch 2

We now study the homogeneous perturbations of the generic non-overlapping sector of Branch 2. In this
sector the adapted variables are given by (67), and the reduced Lagrangian is (69). The kinetic sector is
non-degenerate in the generic sector because A, # 0 and G, # 0, with G, defined in (78). Therefore, the
invariant variable v is a dynamical variable in the reduced system. It is useful to write

Y= K, q=lnv. (178)
v

The physical perturbations follow directly from (68). For

vi)=w O [1+A ()],  z() =2(t) +z(1), (179)
one obtains, to first order,
08 _ ooz, 2L a3, (180)
a 13 m

4.1.1. Zero-charge sector
We first consider the zero-charge solution (86). The background satisfies

B
Sp=0, Zy=-—Y,, YE=gWT" (181)
24,

where k, is defined in (82). For v # m, the scale factor behaves as a power law,

2p2
m—v’

a() x (t—t)", Py= (182)
on a real branch where the argument of the power is positive. The corresponding effective equation-of-
state parameter is

(B2,0) 2 m-—v

=14+ ——=-1 . 183
Wett +3P2 + 3P (183)

For v = m, the zero-charge solution is exponential in time, with a(#) x exp(ep2£at).
Let 635, denote the first-order perturbation of the conserved Noether charge. Linearizing the charge
relation (72) around the zero-charge background gives

; 0%
24,02+ BA, = -2 (184)
hoVb
The linearized Hamiltonian constraint gives the independent first-order equation
2A, + (m—v) VA, = 0. (185)
The linearized equation obtained by varying v in (69) is
A v
A, +mYA, + ——ZVIA, =0. (186)
Equation (186) is not independent, since it follows from (185) and the background equation for Y.
For v # m, equation (185) gives
A =Com() T (187)
Then equation (184) yields
B, 0¥ [* —m
0z(t) =C,— —A, (t du. 188
20 = Com 32 A+ 5 [ ()™ d (188)
Using (83), the last integral can be written as
/t (w)™"d = (n~+ +U#0 (189)
W (u U=———. m+v
b £hy (ﬂ’l T I/) Vb ) 3
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where an additive constant has been absorbed into C,. In the special case m + v = 0, one instead

obtains
t _ 1
/vb(u) mduzln(vb(t)>. (190)
ERy Vo

Equations (187)—(190) determine the homogeneous perturbations of the zero-charge solution. The con-
stant C, is a neutral shift of the cyclic coordinate and therefore corresponds to a constant normalization
shift of a and £. The mode proportional to C, decays only on future branches for which

m—v

w(f) 7 — oo. (191)

If perturbations with 63, # 0 are allowed, the charge-induced contribution decays only when

mtv

() T — oo, m+v #0. (192)

For m + v = 0, the charge-induced contribution is logarithmic and does not decay. Therefore, the zero-
charge Branch 2 solution is not an asymptotic attractor under the strict criterion that all homogeneous
perturbations must decay, because of the neutral normalization mode. After fixing this normalization, it
is conditionally stable inside the fixed-charge sector X, = 0 if (191) holds. If perturbations away from
the zero-charge hypersurface are included, the additional condition (192) is also required.

For the special zero-charge case v = m, equation (185) reduces to

A, =0. (193)

Thus A, contains a constant mode. Consequently, the zero-charge exponential solution with v =m is
not asymptotically stable in the full homogeneous minisuperspace.

4.1.2. Constant-invariant sector
We next consider the constant-invariant exponential solution (90). This solution exists for v = —m. We
write

A
v =wll+A0], 20)=20)+020), a@)=2+Z(-t), Z=_—. (19
0
Linearizing the Hamiltonian constraint gives
24,024 B A, 4+ 2mAZ, A, = 0. (195)

The linearized charge relation has the same left-hand side as (195). Hence the Hamiltonian constraint
enforces

0¥p =0 (196)

at first order. The remaining independent linearized equation is obtained from the v-equation of (69)
and gives

A, =o0. (197)
Therefore,
A, (1) =CO + V) (t—1). (198)
Substitution into (195) gives
B V4
dz(t) = C; — jcy) (t—to) —mZyCO) (t—t) — %Cﬁl) (t—10)7, (199)
2

where a constant term has been absorbed into C,.

Equations (198) and (199) show that the constant-invariant exponential solution of Branch 2 has
non-decaying and growing homogeneous modes. A constant displacement in v, changes the member
of the exponential family and produces a term linear in time in the cyclic perturbation. A perturbation
with CSI) # 0 gives a quadratic contribution to dz. Therefore, the constant-invariant Branch 2 exponen-
tial solution is not asymptotically stable in the full homogeneous minisuperspace. After fixing the invari-
ant direction and the normalization mode, the remaining perturbation can be removed only by setting
CSO) = Cgl) = 0, so the solution is not an attractor.
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4.2, Branch 3

4.2.1. Generic constant-invariant scaling sector

We next consider the generic non-overlapping sector of Branch 3. The reduced Lagrangian is given

by (103). In this branch, the invariant variable v appears without a time derivative. Therefore, the kinetic
sector is degenerate and the equation obtained by varying v in (103) acts as a constraint. The constant-
invariant solution (115) exists after imposing (109). We define

Ds =mu+ 3, pr=—. (200)

Thus the generic Branch 3 scaling solution has a(t) o (¢t — t.)P*, with D3 # 0 and the regularity condi-
tions stated in (96). On an expanding future branch with ¢ > t,, the corresponding effective equation-of-
state parameter is

Wep = = — 1+ —=—. (201)

Hence the Branch 3 power-law background is accelerating when 0 < D5 < 2.
We perturb the constant-invariant solution as

T=t—t,, v(t) =w[1+A,(1)], z(t) =z () [1+ A, (1)], z, (1) = 17, (202)
where |A,| < 1 and |A,| < 1. Linearizing the Hamiltonian constraint (107), after using (109), gives
TA,+ A+ 550, =0. (203)

The same relation follows from the linearized conserved charge (110). The linearized equation obtained
by varying v in (103) does not provide an independent condition. For s3 # 0 it reduces to (203) with the
opposite sign, while for s3 = 0 it is identically satisfied. Therefore, the complete first-order perturbation
equation in the generic Branch 3 sector is

4 A = -, (204)
-

Its solution is
A (T —Z -= / A, ( (205)

where C, is an integration constant. No differential equation is obtained for A,, which reflects the
degeneracy of (103).
The perturbations of the physical variables follow from (102). To first order,
da 2 m 66 2p 2(m

_ 1)
T LA -4, = =N, - A, 206
a D3 Ag, g D3 A3 ( )

Using (205), these become

(561 Z 253
— A, ( — —A 2
a D3T D3T / du A ( 07)
and
0  2uC, 2usy [T 2(m—1)
S _ S A, 2y N 2
f D3’T D3T (u) du A3 ( 08)

If the perturbations are restricted to the constant-invariant subspace, A, = 0, then

da  2C, 0 2uC,
a N 1)37'7 § N D37' '

(209)

These perturbations decay as 7! on the future branch. Therefore, the Branch 3 power-law solution is
stable only with respect to perturbations that preserve the Noether invariant. In the full homogeneous
perturbation space, A, is not dynamically fixed. Consequently, a constant A, gives a non-decaying dis-
placement along the family of constant-invariant solutions, while a time-dependent A, is not suppressed
by the reduced equations. Thus the generic Branch 3 power-law solution is not an asymptotic attractor
in the full homogeneous minisuperspace.
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4.2.2. Intersection with Branch 2
We also consider the overlapping sector B2 N B3, whose reduced Lagrangian is (117). The exponential
solution (124) is obtained for ¥ = —m. We perturb it as

v =L+ ()],  z()=2(0)+02(0,  a(t) =2+ aio (t—1o). (210)

The velocity combination Qj3, defined in (118), has the background value
Qs =(2m+1) A (211)

Linearizing the Hamiltonian constraint and the conserved charge gives

g (2m+1)6z—mA, +m(2m+1) A, = 0. (212)
Equivalently,
m t
agoz(t) = C,+ T—HAV (1) — m/\/ A, (u) du. (213)

The inverse map in this sector is the same as (68). Therefore,

t
m
Ry A, 7 214
C+2m+1 m)\/ (u) du (214)
and
5 3 2(m—1) '
z__%CZ+WAV+3)\/ A, (u) du. (215)

The linearized v-equation obtained from (117) is not independent, since it follows from (212) and the
background equations. Thus A, remains arbitrary in the overlapping sector. For A, = 0, the remain-
ing perturbation is a constant normalization shift and does not decay. For a nonzero constant A,, the
integral terms in (214) and (215) grow linearly in time. Therefore, the overlapping Branch 3 exponen-
tial solution is not asymptotically stable in the full homogeneous minisuperspace. It is at most neutrally
stable after the invariant direction and the normalization mode have been fixed.

4.3. Branch 4
4.3.1. Generic constrained sector
We now analyze the homogeneous perturbations of Branch 4. In the generic regular sector, the reduced
Lagrangian is (136). Although the kinetic term contains only the mixed product zv/v, the kinetic sec-
tor in the variables (z,Inv) is non-degenerate when A4 # 0. In contrast with Branch 3, the constrained
dynamics fixes both v() and z(t) through the first-order system (142). The constant-invariant sector is
not compatible with the Hamiltonian constraint for MA # 0.

We perturb the generic Branch 4 solution as

v(t)=w (1) [14+ A, (1)], z(t) =z, (t) + 6z(1), (216)

where v, and z, satisfy (142). We also allow a first-order perturbation of the conserved Noether charge,

o
= SmA0 (217)
B4
Since
y=", (218)

v

one has Y=Yy + A, at first order. Linearizing the conserved charge (138) gives

A, + s Yo A, = x4 Y. (219)
The linearized Hamiltonian constraint gives

0z=12, (WA, — x4)- (220)
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The linearized equation obtained by varying v in (136) follows from (219), (220), and the background

equations; hence it does not add an independent perturbation equation.
For s, # 0, equation (219) gives

A, ()= >5L: +Cowp (1)

Using (220), the corresponding perturbation of the cyclic coordinate is

AMA
S

v

0z(t) =C,+ ( — 1) Xazp () —

S4

CVVb (t)y )

where additive constants have been absorbed into C,. For s, = 0, equation (219) instead gives

A, (t) =C,+ xaln (va(t)> .

0

Thus, even in the fixed-charge sector x4 = 0, the case s4 = 0 contains a non-decaying invariant
perturbation.
The physical perturbations follow from (135). For compactness we define

mp + 1 ry
Dy=mu+3, =—) =——.
4 1 V4 (1t 2) Dy N4 (i +2) Ay
Then, to first order,
da 1 6z 08 oz
—=——— = =—— A,.
7 Di 2t Y4y, 5 Ds 2 + Ay

(221)

(222)

(223)

(224)

(225)

Equations (221) and (222) show that a perturbation with x4 # 0 changes the conserved charge and pro-
duces a non-decaying displacement in the reduced variables. Therefore, the generic Branch 4 solution
is not an asymptotic attractor in the full homogeneous minisuperspace when charge perturbations are

included.

If the charge is fixed, x4 = 0, and s4 # 0, the remaining invariant perturbation is proportional to

v, ™. In this fixed-charge sector, the perturbations decay only if

(1)

2z () -0

— 00, 2z (1) = o0,

on the future branch. These conditions ensure that both A, and ¢z/z, vanish asymptotically. Hence
Branch 4 can be conditionally stable in the fixed-charge sector, but it is not stable under arbitrary

homogeneous perturbations of the conserved charge.

4.3.2. Intersection with Branch 2

(226)

The limiting sector B2 N B4 is described by the reduced Lagrangian (153). We perturb the solution (162)

as
vi)=n@O1+A,0)],  z2()=2a)+(), xu=5__—
Linearizing the conserved charge (155) gives
A, +mYpA, = X2 Vs
Since m # 0 in this sector, the solution is
A1) =22+ G (17"

The linearized Hamiltonian constraint gives

Co4XBonBs  _ MA
_ ZeambAbe —mA,) —
h0B54 " (X24 " ) Y B2nB4

0z= Vg (*X24 + Z/AV) .

23
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After substituting (229), one obtains

C _
Sz() =C,— ZCm ()"
By

hoBz4MA v v
————C ()" + (= —1) x2aTa (1), (231)
Y8 ! (m )

where additive constants have again been absorbed into C,, and

hoB,aMA

v+m
L s S +m#£0, 232
22B20B4(V+m)Vb( ) vimy (232)

Iz4 (t) = —

while for v +m =0,

Tos (1) = — hOBZ“MA In (Vb (t>> . (233)

Y284 Yo

The physical perturbations follow from (152),

30&0

oa o8 25, (234)
m

— = a0z, - =A,-
a

The charge perturbation x4 produces a non-decaying contribution to A,, and for v +m =0 it also
gives a logarithmic contribution to éz. Therefore, the B2 N B4 solution is not an asymptotic attractor in
the full homogeneous minisuperspace. In the fixed-charge sector, after removing the constant normaliza-
tion mode, the remaining perturbations can decay only if the time-dependent terms in (229) and (231)
vanish asymptotically.

4.3.3. Degenerate regular subcase
Finally, the degenerate regular subcase of Branch 4, described by (167), has the same perturbation struc-
ture as the generic Branch 4 sector after the replacements

A4 — A4, Sq — §4, 234 — 234(1. (235)

Thus, for 54 # 0,

< ox
AW ="Mpomn™,  xu= T, (236)
54 >Bad
and
AsMA y
0z(t) =C,+ (V - 1) X442 (1) — 4TC‘,vb (1)". (237)
S4 2had

For 54 = 0, the invariant perturbation contains a constant mode in the fixed-charge sector and a logarith-
mic mode if x4 7# 0. The physical perturbations are obtained from (166),

da 16z r o0& 0z 12
R = =" 4

=4+ —— ——A,. 238
a 22b+2(r+12) " £ 2 r+1277 (238)

Therefore, the degenerate regular Branch 4 subcase has the same qualitative stability property as the
generic Branch 4 sector: perturbations of the conserved charge generate non-decaying modes, whereas
conditional decay is possible only in a fixed-charge sector and only for future branches satisfying the
corresponding decay conditions.

4.4. Summary of the homogeneous stability analysis
The homogeneous stability analysis of the retained sectors shows that Branches 2—4 have different
reduced kinetic structures, and this affects the interpretation of their perturbations. Branch 3 has a
degenerate kinetic sector in its generic power-law sector. In this case, the Noether invariant v is not
dynamically fixed by the reduced equations. Consequently, the power-law solution has a decaying mode
proportional to 7! only after the invariant direction is fixed. In the full homogeneous minisuperspace,
arbitrary perturbations in v are not suppressed, and the corresponding solution is not an asymptotic
attractor. The overlapping exponential sector B2 N B3 contains a neutral normalization mode and lin-
early growing contributions for nonzero invariant displacements.

Branches 2 and 4 differ from Branch 3 because their generic reduced dynamics fixes the invariant
variable through first-order equations. In Branch 2, the zero-charge solution may have decaying invariant
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Figure 1. Evolution of the normalized scale factor a(¢) for the zero-charge sector of Branch 2 withm =2,r=1,v =9/5, ap =
Lhy=1,M=1,A=1,v=1,and & = 1. The scale factor is normalized by a(ty) = 1, with f, = 1.

perturbations under the conditions stated in (191) and (192), but it still contains a neutral normaliza-
tion mode and is not an attractor under the strict criterion that all homogeneous perturbations decay.
The constant-invariant exponential solution of Branch 2 contains non-decaying and growing modes. In
Branch 4, the generic solution can be conditionally stable only in a fixed-charge sector and only when
the asymptotic conditions (226) hold. Perturbations that change the conserved Noether charge produce
non-decaying displacements. Therefore, none of the retained branches provides an unconditional asymp-
totic attractor in the full homogeneous minisuperspace. The stable behavior found in this section is con-
ditional and is obtained only after fixing the invariant direction, the conserved charge, or the normaliza-
tion mode, depending on the branch.

5. Numerical illustrations of representative Noether solutions

In this subsection, we present numerical illustrations of representative exact solutions obtained from the
Noether-reduced dynamics. The purpose of these plots is not to constrain the model observationally,
but to show the qualitative background evolution allowed by the analytical branches. The time variable
is taken to be dimensionless, and the reference epoch is fixed at fy = 1. In all plots the scale factor is
normalized by a(ty) = 1. The vertical red dot-dashed line denotes the reference time. Since the symbol
q has already been used for the logarithmic invariant variable in the stability analysis, the deceleration
parameter is denoted here by Qgec.

We first consider the zero-charge sector of Branch 2. The corresponding solution is obtained from
equations (83)—(86). For the numerical example, we choose m=2,r=1,ap=1, hy=1,M=1, A =1,
v=9/5vo =1, & =1, and the expanding sign of the solution. This choice gives I(£) > 0 on the branch
&€ >0, and the reduced kinetic coefficient is such that the parameter x, is real. The scale factor grows
monotonically and the Hubble parameter decreases slowly, which corresponds to an accelerated power-
law expansion rather than an exact de Sitter phase (see figures 1 and 2 ). The change of the invariant
&(¢) over time is shown in figure 3, where it remains positive over time and evolves monotonically on
the plotted branch. In this solution, as expected from the power-law form of the scale factor, the deceler-
ation parameter and the effective equation-of-state parameter remain constant over the plotted interval,
depending on the parameters m, v, and r.

As a second example, we consider the generic regular sector of Branch 4. The solution is obtained
from equations (143)—(148). We take m=1/2, u=2, v=—1, ap=1, hy=1, M=1, A=1, Xp, = -2,
vo = 1, and zy = 8. For these values, the reconstructed kinetic ratio is r = 12, so that the Yang—Mills
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Figure 2. Evolution of the Hubble parameter H(#) for the same Branch 2 parameter values as in figure 1. The decreasing behavior
of H(t) shows that the solution is not exactly de Sitter, although it remains in an accelerated regime.

l.6f

Figure 3. Evolution of the Yang-Mills invariant £(#) for the same Branch 2 parameter values as in figure 1. The invariant remains
positive and evolves monotonically on the plotted branch.

kinetic coupling is positive on the branch £ > 0. This case gives a dynamical invariant and a time-
dependent effective equation of state. The evolution of cosmological parameters over time is shown in
the figures 4-7. The scale factor grows monotonically, while Qg.. changes sign close to the reference
epoch. Hence the solution illustrates a transition from a decelerated stage to an accelerated stage within
the same Noether branch.

The two numerical examples display different types of Noether-symmetric cosmological evolution.
In the zero-charge Branch 2 example, the background behaves as an accelerated power-law solution
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Figure 4. Evolution of the normalized scale factor a(¢) for the generic regular sector of Branch 4 withm =1/2, p =2,v = —1,
ao=1h=1,M=1,A=1,33 = —2,v = 1, and zy = 8. The scale factor is normalized by a(ty) = 1, with f, = 1.
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0.100¢

0.090¢

0.085¢
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Figure 5. Evolution of the Hubble parameter H(¢) for the same Branch 4 parameter values as in figure 4. The Hubble parameter
remains positive and decreases smoothly during the plotted evolution.

with constant Qgec and constant weg. In the Branch 4 example, the invariant £(#) evolves with time and
the effective equation of state changes during the expansion. This shows that accelerated expansion can
arise either from a simple reduced power-law dynamics or from a more dynamical branch in which the
Noether invariant and the cyclic coordinate both affect the background evolution.
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Figure 6. Evolution of the Yang-Mills invariant £(#) for the same Branch 4 parameter values as in figure 4. The invariant remains
dynamical and decreases gradually on this branch.

- Qdec ( t)
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—== Werf(t)

Qqec(t), wes(t)

Figure 7. Evolution of Qqec(#) and weg(t) for the same Branch 4 parameter values as in figure 4. The sign change of Qgec shows
the transition to accelerated expansion, while weg moves into the negative-pressure regime without becoming exactly constant.

6. Conclusions

In this paper, we investigate an interacting Yang—Mills quintessence cosmological model in a spatially flat
FLRW background, in which the Yang—Mills sector is described by a cosmic-triad configuration. Using
this configuration, the scalar invariant £ is defined. Starting from the action, we write the point-like
Lagrangian in terms of the scale factor a and the field £&. From this Lagrangian, we obtain the equations
of motion and calculate the equation-of-state parameter for the model. The results show that this model
can describe the accelerated expansion of the Universe at late times. Next, to obtain exact solutions of
the proposed model, we use the Noether symmetry method. Within this approach, and by assuming
power-law forms for the potential and the coupling functions, we determine the free functions of the
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model. We then obtain exact solutions in four branches. The first branch, because it removes the cur-
vature coupling, is considered only as an algebraic branch and is not discussed further in the paper,
whereas the second, third, and fourth branches are investigated to construct cosmological solutions. In
branch 2, power-law and exponential solutions are obtained in the zero-charge and constant-invariant
sectors. In branch 3, because of the degeneracy of the kinetic sector, the dynamics does not fully deter-
mine the invariant variable. In branch 4, both the invariant and the cyclic coordinate are determined by
first-order equations, and as a result, more dynamical solutions are obtained.

The paper also addresses the stability analysis and shows that the exact solutions obtained are gen-
erally not unconditional asymptotic attractors. In branch 2, stability is obtained only in specific sec-
tors and under asymptotic conditions, while neutral or growing modes also exist. In branch 3, stabil-
ity can be interpreted only after the direction of the invariant is fixed. In branch 4, conditional stability
is also obtained only in a fixed-charge sector, while perturbations of the conserved charge usually pro-
duce non-decaying modes. Numerical examples also show that the second branch can exhibit accelerated
power-law expansion with a decreasing H, while the fourth branch shows a transition to the accelerated
phase. Therefore, we conclude that the proposed interacting Yang—Mills model provides a framework
for constructing exact accelerated background solutions. These results do not establish full perturbative
or observational viability. In particular, Branch 3 is retained only as a formal classical sector because of
its negative Yang—Mills kinetic coupling. A complete inhomogeneous perturbation analysis and observa-
tional parameter estimation, including MCMC analyses, are left for future work.
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