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ratio in chemistry are given.
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1. Introduction

In almost all the intellectual achievements of humankind, the discovery of different
sets of numbers has played many important roles. These discoveries led to the develop-
ment of mathematical analysis and number theory. The applications of different number
sets are perhaps among the most important inventions of humanity. Therefore, with the aid
the different sets of numbers, applications of analytical number theory and mathematical
analysis have been given in different fields of almost all sciences. For example, the wonder-
ful synergy between the Fibonacci numbers and the golden ratio, thanks to the discovery
of different sets of numbers, is incredibly integrated with all fields of science, especially
chemistry. It is well known that the Fibonacci numbers and other special numbers are also
used in mathematical models that frequently appear in theory of chemistry theory involv-
ing the structure of the elements, the periodic table of the elements, and their symmetrical
and crystalline structures (cf. [1–16]).

By using an approximation method for the Fibonacci numbers, Wlodarski [15,16]
have studied the world of atoms and the proton–neutron ratio in the nucleus. He gave
many results between the proton–neutron ratio and the golden ratio. Boeyens et al. [3,4])
have studied chemistry and its application using number theory involving the Fibonacci
numbers, the Lucas numbers, and the golden ratio. They gave some basic aspects of the
golden helix related to the simulation of chemical events. They concluded that molecular
mechanics is an ideal method for structure optimization based on parameters obtained by
number theory (cf. [3,4]).

The motivation of this paper is to provide many new formulas and relations involving
the Fibonacci numbers, the Lucas numbers, the golden ratio, the Stirling numbers, and
other special numbers with the aid of the generating functions for the special numbers .
We give some remarks and observations for the Fibonacci numbers and the golden ratio in
chemistry. The results of this paper, including those involving the Fibonacci numbers, the
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Lucas numbers, other special numbers and the golden ratio, perhaps have the potential to
be used in new mathematical modeling, besides finding the position of new elements in
the periodic system.

In this paper the following notations and definitions are used.
Let N, Z, Q, and R denote the set of positive integers, the set of integers, the set of

rational numbers, and the set of real numbers, respectively. N0 = N∪ {0}.
Let x ∈ R. The falling factorial polynomials x(n) is given by

x(n) = x(x− 1)(x− 2) . . . (x− n + 1),

where x(0) = 1 and n ∈ N.
The Stirling numbers of the first kind S1(v, d) are defined by

y(v) =
v

∑
d=0

S1(v, d)yd (1)

(cf. [14]). Note that (−1)v−dS1(v, d) denotes the signed Stirling numbers of the first kind.
The Stirling numbers of the second kind S2(v, d) are defined by

∞

∑
n=0

S2(n, d)
wn

n!
=

(ew − 1)d

d!
(2)

and

yv =
v

∑
d=0

S2(v, d)y(d) (3)

(cf. [14]).
The Fibonacci numbers are defined by the following generating function:

GF(w) =
∞

∑
n=0

Fnwn =
w

1− w− w2 (4)

(cf. [7]).
The Lucas numbers are defined by the following generating function:

∞

∑
n=0

Lnwn =
2− w

1− w− w2 (5)

(cf. [7]).
There are many applications of the generating functions for the Fibonacci numbers

and the Lucas numbers (cf. [3–14]).
When the denominator of the function GF(w) is equal to 0, one easily gets the following

poles of this function:
1− w− w2 = (1− αw)(1− βw) = 0,

where

α =
1 +
√

5
2

which is the golden ratio and

β =
1−
√

5
2

.

If |w| < min
{

1
α , 1
−β

}
, the series in (4) is convergent (cf. [7]).

The Binet formulas for the numbers Fn and Ln are given as follows, respectively:

Fn =
αn − βn

α− β
(6)
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and
Ln = αn + βn (7)

(cf. [7]).
The well-known relations among the numbers Fn, Ln, α and β are given as follows:

αn = αFn + Fn−1,

βn = βFn + Fn−1,

α + β = 1,

α− β =
√

5,

and
αβ = −1

(cf. [7]).
Replacing n by 2n in (6), we have

F2n =

(
αn − βn

α− β

)
(αn + βn)

= FnLn

(cf. [7]).
By the help of the Binet formulas, the numbers Fn and Ln are also defined by the

following exponential generating functions, respectively:

∞

∑
n=0

Fn
wn

n!
=

eαw − eβw

α− β
(8)

and
∞

∑
n=0

Ln
wn

n!
= eαw + eβw (9)

(cf. [3–14]).
By using (2) and (8), we have

∞

∑
n=0

Fn
wn

n!
=

1
α− β

∞

∑
n=0

βn wn

n!

∞

∑
n=0

(α− β)nS2(n, 1)
wn

n!
.

Therefore
∞

∑
n=0

Fn
wn

n!
=

∞

∑
n=0

n

∑
j=0

(
n
j

)
βn−j(α− β)j−1S2(j, 1)

wn

n!
.

Comparing the coefficients of wn

n! on both sides of the above equation, we get

Fn =
n

∑
j=0

(
n
j

)(
Fn−j−1 + βFn−j

)√
5j−1S2(j, 1).

Since a set of j elements can only be partitioned in a single way into 1 or j subsets, one
has S2(j, 1) = 1. Thus, we have

Fn =
n

∑
j=0

(
n
j

)(
Fn−j−1 + βFn−j

)√
5j−1.

By using (9), we get
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∞

∑
n=0

n

∑
j=0

(
n
j

)
(−1)j(Fj−1 + βFj

)
Ln−j

wn

n!
=

∞

∑
n=0

(α− β)n wn

n!
+ 1.

Comparing the coefficients of wn

n! on both sides of the above equation, for n ≥ 1, we
have

n

∑
j=0

(
n
j

)
(−1)j(Fj−1 + βFj

)
Ln−j =

√
5n.

The numbers `n(v) := `n((0, 1, 2, . . . , v− 1)) are defined by the following generating
function:

G1(w; v) =
wv

v−1
∏
j=0

(ew − j)
=

∞

∑
n=0

`n(v)
wn

n!
, (10)

where
`n(v) := `n((0, 1, 2, . . . , v− 1)),

for m ∈ N,
`0(v) = 0, `0(m + 1) = `1(m + 1) = · · · = `m−1(m + 1) = 0

and
`m(m + 1) 6= 0

(cf. [12]).
By using (10), we get the following equation:

wv =
v−1

∏
j=0

(ew − j)
∞

∑
n=0

`n(v)
wn

n!
. (11)

Substituting v = 1 into (11), we get

w =
∞

∑
n=0

n

∑
j=0

(
n
j

)
`j(1)

wn

n!
.

Therefore
n

∑
j=0

(
n
j

)
`j(1) =

{
0 i f n 6= 1
1 i f n = 1.

With the mathematical induction method, the following result is reached:

wv = ew(ew − 1)(ew − 2) · · · (ew − v + 1)
∞

∑
n=0

`n(v)
wn

n!
(12)

=
v

∑
m=0

S1(v, m)
∞

∑
n=0

n

∑
j=0

(
n
j

)
mj`n−j(v)

wn

n!
.

Thus,
v

∑
m=0

S1(v, m)
n

∑
j=0

(
n
j

)
mj`n−j(v) =

{
0 i f n 6= v
n! i f n = v

(cf. [12]).
Setting

v

∑
m=0

S1(v, m)mj = P(j, v),
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therefore, we have the following novel formula

n

∑
j=0

(
n
j

)
P(j, v)`n−j(v) =

{
0 i f n 6= v
n! i f n = v.

The results obtained in this article are briefly summarized as follows:
In Section 2, we give many new formulas involving the numbers Fn, Ln, α, β, and the

Stirling numbers.
In Section 3, using genearting functions with their functional equations, we give many

new identities and relations involving the numbers Fn, Ln, `n(v), golden ratio α, and also
combinatorial sums.

In Section 4, we give some aspects of the golden ratio α application in chemistry.
In Section 5, we give a conclusion section.

2. Relations and Identities among the Numbers Fn, Ln, α and β

In this section, we give interesting relations and formulas between the numbers Fn,
Ln, α (golden ratio), and β. These results have the potential to be used in number theory,
chemistry, biology, physics, and other areas.

Theorem 1. Let k ∈ N0. Then we have

αk =
Lk + (α− β)Fk

2
. (13)

Proof. We need the following well-known equations (cf. [10]):

H(αx; z) + H(βx; z) =
∞

∑
k=0

(
k + z

k

)
Lkxk (14)

and

H(αx; z)− H(βx; z) = (α− β)
∞

∑
k=0

(
k + z

k

)
Fkxk, (15)

where the function H(x; z) is given by

H(x; z) =
∞

∑
k=0

(
z + k

k

)
xk, (16)

where |x| < 1. Using (14) and (15), we get

2
∞

∑
k=0

(
z + k

k

)
(αx)k =

∞

∑
k=0

(
k + z

k

)
Lkxk + (α− β)

∞

∑
k=0

(
k + z

k

)
Fkxk.

Comparing the coefficients of
(

k + z
k

)
xk on both sides of the above equation, we get

2αk = Lk +
√

5Fk.

Thus, the proof of theorem is completed.

Substituting x = αy into (16), we get

H(αy; z) =
∞

∑
k=0

(
z + k

k

)
(αy)k.
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Combining the above equation with the well-known Chu–Vandermonde identity(
z + a

k

)
=

k

∑
j=0

(
z
j

)(
a

k− j

)

(cf. [8,14]), we get

∞

∑
k=0

(
z + k

k

)
(αy)k =

∞

∑
k=0

k

∑
j=0

(
z
j

)(
k

k− j

)
(Fk−1 + αFk)yk.

Combining the above equation with (1), we obtain

∞

∑
k=0

(
z + k

k

)
(αy)k =

∞

∑
k=0

k

∑
j=0

j

∑
d=0

(
k

k− j

)
Fk−1 + αFk

j!
S1(j, d)ykzd.

Comparing the coefficients of yk on both sides of the above equation, we arrive at the
following theorem:

Theorem 2. Let k ∈ N0. Then we have

β−k =
(−1)k(
z + k

k

) k

∑
j=0

j

∑
d=0

(
k

k− j

)
Fk−1 + αFk

j!
S1(j, d)zd.

Theorem 3. Let k ∈ N0. Then we have

βk =
(β− α)Fk + Lk

2
.

Proof. Using (14) and (15), we get

−2
∞

∑
k=0

(
z + k

k

)
(βx)k = −

∞

∑
k=0

(
k + z

k

)
Lkxk + (α− β)

∞

∑
k=0

(
k + z

k

)
Fkxk.

Comparing the coefficients of
(

k + z
k

)
xk on both sides of the above equation, we get

−2βk = (α− β)Fk − Lk.

Thus proof of theorem is completed.

Theorem 4. Let k ∈ N0. Then we have

k

∑
j=0

(
(−1)2k−3j

(
k
j

)
Fk−2j−1 + αF2j−k

)
= 1.

Proof. Replacing x by x(α + β) in (16), we get

H(x(α + β); z) =
∞

∑
k=0

(
z + k

k

) k

∑
j=0

(−1)k−j
(

k
j

)
α2j−kxk.
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Since α + β = 1, after some calculations in the above equation, we get

k

∑
j=0

(−1)k−j
(

k
j

)
α2j−k = 1.

Combining the above equation with the following well-known formula

F−k = (−1)k+1Fk,

we arrive at the desired result.

3. Identities and Relations Involving the Numbers Fn, Ln, `n(v), and Golden Ratio α

In this paper, with the aid of generating functions, we give some new identities and
relations involving the numbers Fn, Ln, `n(v), and golden ratio α.

Replacing w by αw and βw into (10), we get

G1(αw; v) =
∞

∑
n=0

αn`n(v)
wn

n!

and

G1(βw; v) =
∞

∑
n=0

βn`n(v)
wn

n!
.

Combining the above equations with (6) and (7), we get

G1(αw; v)− G1(βw; v)
α− β

=
∞

∑
n=0

Fn`n(v)
wn

n!

and

G1(αw; v) + G1(βw; v) =
∞

∑
n=0

Ln`n(v)
wn

n!
.

After some elementary calculations in the above equation, we get

∞

∑
n=0

αn`n(v)
wn

n!
=

∞

∑
n=0

(α− β)Fn + Ln

2
`n(v)

wn

n!
.

Comparing the coefficients of wn

n! on both sides of the above equation, we arrive at Equation
(13).

Replacing w by αw in (10), we have

(αw)v =
v−1

∏
j=0

(eαw − j)
∞

∑
n=0

`n(v)
(αw)n

n!
.

Combining the above equation with (12), we obtain

(αw)v =
v

∑
m=0

S1(v, m)
∞

∑
n=0

n

∑
j=0

(
n
j

)
αnmj`n−j(v)

wn

n!
.

Comparing the coefficients of wn on both sides of the above equation, we get

v

∑
m=0

S1(v, m)
n

∑
j=0

(
n
j

)
αnmj`n−j(v) =

{
0 i f n 6= v

n!αv i f n = v.
(17)

Replacing w to βw in (10), we have
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(βw)v =
v−1

∏
j=0

(
eβw − j

) ∞

∑
n=0

`n(v)
(βw)n

n!

Combining the above equation with (12), we obtain

(βw)v =
v

∑
m=0

S1(v, m)
∞

∑
n=0

n

∑
j=0

(
n
j

)
βnmj`n−j(v)

wn

n!
.

Comparing the coefficients of wn on both sides of the above equation, we get

v

∑
m=0

S1(v, m)
n

∑
j=0

(
n
j

)
βnmj`n−j(v) =

{
0 i f n 6= v

n!βv i f n = v.
(18)

After adding Equations (17) and (18) side by side and performing some calculations,
with the aid of Equation (7), we arrive at the following theorem:

Theorem 5. Let n ∈ N0. Then we have

v

∑
m=0

S1(v, m)
n

∑
j=0

(
n
j

)
mj`n−j(v)Ln =

{
0 i f n 6= v

n!Lv i f n = v.

Corollary 1. Let n ∈ N0. Then we have

n

∑
j=0

(
n
j

)
P(j, v)`n−j(v)Ln =

{
0 i f n 6= v

n!Lv i f n = v.

After subtracting Equation (17) from Equation (18) side by side, dividing both sides of
the equation by α− β and performing the necessary operations, with the aid of Equation (6),
the following relation is obtained:

Theorem 6. Let n ∈ N0. Then we have

v

∑
m=0

S1(v, m)
n

∑
j=0

(
n
j

)
mj`n−j(v)Fn =

{
0 i f n 6= v

n!Fv i f n = v.

Corollary 2. Let n ∈ N0. Then we have

n

∑
j=0

(
n
j

)
P(j, v)`n−j(v)Fn =

{
0 i f n 6= v

n!Fv i f n = v.

4. Some Aspects of the Application of the Golden Ratio α in Chemistry

Many new and interesting formulas containing the golden ratio have been given in
the previous sections. At this point, we pose the following question: What are the uses and
applications of these new formulas in other fields, especially in chemistry?

To answer this question, in this section, we try to explain some well-known applica-
tions of the golden ratio to the theory of chemistry. To help with the study and investigation
of the answer, we give the following comments and remarks.

In the work of Wlodarski [16], there are four fundamental asymmetries in the world
of atoms. These appear in the structure of atomic nuclei of protons and neutrons, in the
distribution of fission fragments by mass number resulting from the bombardment of most
heavy nuclei by thermal neutrons, in the distribution of a number of isotopes of even stable
elements, and also in the distribution of emitted particles in two opposite directions in
weak nuclear interactions. Consequently, the numerical values of all these asymmetries
are approximately equal to the golden ratio. These numerical values are also related to the
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Fibonacci numbers. The number of protons Z in the lightest stable nucleus as a rule is equal
the number of neutrons N. When the atomic number Z increases, the proton–neutron ratio
in the nucleus Z

N decreases to about 0.6. One can easily see that symmetrical fission of most
heavy nuclei by slow neutrons is very rare. The number of protons and neutrons of fission
fragments in the nuclear reaction is one of the Fibonacci numbers (cf. [15,16]).

It is well known that there are many applications of the golden ratio to periodicity and
periodic table. Therefore, in the work of Boeyens and Levendis ([4], p. 259), they suggest
that, due to their digital binary make-up, a valid physical model of neutral atoms, and of
matter in general, follows directly from number theory. The numerical basis of nuclide
periodicity is given by in Figure 8.1 in the work of Boeyens and Levendis’s ([4], p. 260).
The point of convergence appears to be similar in Figure 6.1, which is given in ([4], p. 210),
which shows the variation of the proton:neutron ratio with atomic (or mass) number. If the
two points of convergence are identical, then it means that

N − Z
Z

=
Z
N

. (19)

The limiting of the above ratio Z
N for stable nuclides is equal to the golden ratio α. That is,

Z = αN

(cf. [3,4]). Due to Equation (19), it well-known that the golden ratio occurs in periodic table.
Furthermore, atoms in the quasicrystalline structure follow the golden ratio. The golden
ratio also appears in atomic physics.

Observe that the simple equation given by (19) derived from the above ratio is of
course well known to correspond to the ratio obtained by any point C at a distance x from
point B on the line segment |AB| of unit length. That is,

|AC|
|CB| =

|CB|
|AB| =⇒

1− x
x

=
x
1

.

With the help of the above equation, the golden ratio α is defined by the irrational number
α = x = 1+

√
5

2 (cf. [3–5,7,15]).
Different forms of Equation (19) have also been studied by many researchers. A

relation between the golden ratio and atomic structure has been studied using this ratio. In
the work of Currie [5], we also see that the chart of nuclides is correctly understood by the
golden ratio.

It is seen that a relation between the atomic numbers of the elements in the periodic
system is given by the golden ratio. In addition, this ratio gives relations among the
number of protons, the number of neutrons, and the number of electrons. With this ratio, it
is possible to predict the place and some fundamental properties of the elements that are
still undiscovered in the periodic system. Considering the ongoing research today, it is a
known fact that the periodic system has not been completed yet and that new elements will
be added. Consequently, thanks to mathematical modeling involving the golden ratio, we
can find some important information about possible new elements that are found. When
considered mathematically, assumptions can be made in the investigation of the place and
some fundamental properties of new elements in the periodic system, which can be well
defined using the Fibonacci numbers in related models.

By using generating functions and well-known formulas involving the Fibonacci
numbers and the Lucas numbers, we derive some new formulas related to the golden ratio,
which is given by the Equation (13). Combining the golden ratio with this formula and the
other formulas, we may get links between Z, N, and the limiting of the ratio Z

N .
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5. Conclusions

In this paper, we introduced many new formulas, relations, and combinatorial sums
involving the Fibonacci numbers, the Lucas numbers, the golden ratio, the Stirling numbers,
special numbers, and the Chu–Vandermonde convolution formula. Many applications of
the golden ratio with the Fibonacchi numbers related to the theory of chemistry have been
given. The relations between these formulas and theory of chemistry were discussed in
terms of the following question:

What are the uses and applications of these new formulas in other fields, especially in
chemistry? We suggest the following directions for future investigations:

• We will investigate a partial answer to the above question;
• Using the results of this paper, new mathematical models, which are related to the

golden ratio and also the structure of atomic nuclei of protons and neutrons, will be
investigated.

Author Contributions: The authors are equally contribute the content of the paper. Both authors
have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: Not applicable.

Acknowledgments: The second-named author was supported by the Scientific Research Project
Administration of the University of Akdeniz. The authors would like to thank the referees for their
valuable comments on the present paper.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Abbad, S.; Belbachir, H.; Ould-Mohamed, R.A. Lucas cube Vs Zeckendorf’s Lucas code. Montes Taurus J. Pure Appl. Math. 2021, 3,

47–50.
2. Alkan, M. The generalized Fibonacci sequences on an integral domain. Montes Taurus J. Pure Appl. Math. 2021, 3, 60–69.
3. Boeyens, J.C.A.; Comba, P. Chemistry by Number Theory. In Electronic Structure and Number Theory; Structure and Bonding;

Springer: Berlin/Heidelberg, Germany, 2013; Volume 148, pp. 1–24.
4. Boeyens, J.C.A.; Levendis, D.C. Number Theory and the Periodicity of Matter; Springer: Berlin/Heidelberg, Germany, 2008.
5. Currie, H.R.; Currie, G.M. An Investigation of the Application of the golden ratio and Fibonacci sequence associated with the

chart of Nuclides. Open Sci. J. 2020, 5, 1–14.
6. Gould, H.W. Generating functions for products of powers of Fibonacci numbers. Fibonacci Q. 1963, 1, 1–16.
7. Koshy, T. Fibonacci and Lucas Numbers with Applications; John Wiley & Sons, Inc.: Hoboken, NJ, USA, 2001.
8. Kucukoglu, I.; Simsek, B.; Simsek, Y. An approach to negative hypergeometric distribution by generating function for special

numbers and polynomials. Turk. J. Math. 2019, 43, 2337–2353.. [CrossRef]
9. Ozdemir, G.; Simsek, Y. Generating functions for two-variable polynomials related to a family of Fibonacci type polynomials and

numbers. Filomat 2016, 30, 969–975. [CrossRef]
10. Ozdemir, G.; Simsek, Y. Identities and relations associated with Lucas and some special sequences. AIP Conf. Proc. 2017, 1863,

300003. [CrossRef]
11. Ozdemir, G.; Simsek, Y.; Milovanovic, G.V. Generating functions for special polynomials and numbers including Apostol-type

and Humbert-type polynomials. Mediterr. J. Math. 2017, 14, 117. [CrossRef]
12. Simsek, Y. Applications of constructed new families of generating-type functions interpolating new and known classes of

polynomials and numbers. Math. Meth. Appl. Sci. 2021, 1–24. [CrossRef]
13. Simsek, Y. A new family of combinatorial numbers and polynomials associated with Peters numbers and polynomials. Appl.

Anal. Discret. Math. 2020, 14, 627–640. [CrossRef]
14. Srivastava, H.M.; Choi, J. Zeta and q-Zeta Functions and Associated Series and Integrals; Elsevier Science Publishers: Amsterdam, The

Netherlands, 2012.
15. Wlodarski, J. The possible end of the periodic table of elements and the golden ratio. Fibonacci Q. 1971, 9, 82–92.
16. Wlodarski, J. The golden ratio and the Fibonacci numbers in the world of atoms. Fibonacci Q. 1963, 1, 61–63.

http://doi.org/10.3906/mat-1906-6
http://dx.doi.org/10.2298/FIL1604969O
http://dx.doi.org/10.1063/1.4992452
http://dx.doi.org/10.1007/s00009-017-0918-6
http://dx.doi.org/10.1002/mma.7485
http://dx.doi.org/10.2298/AADM190220042S

	Introduction
	Relations and Identities among the Numbers Fn, Ln,  and 
	Identities and Relations Involving the Numbers Fn, Ln, n( v) , and Golden Ratio 
	 Some Aspects of the Application of the Golden Ratio  in Chemistry
	Conclusions
	References

