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Abstract: The main aim of this paper is to define and investigate a new class of symmetric beta
type distributions with the help of the symmetric Bernstein-type basis functions. We give symmetry
property of these distributions and the Bernstein-type basis functions. Using the Bernstein-type basis
functions and binomial series, we give some series and integral representations including moment
generating function for these distributions. Using generating functions and their functional equations,
we also give many new identities related to the moments, the polygamma function, the digamma
function, the harmonic numbers, the Stirling numbers, generalized harmonic numbers, the Lah
numbers, the Bernstein-type basis functions, the array polynomials, and the Apostol-Bernoulli
polynomials. Moreover, some numerical values of the expected values for the logarithm of random
variable are given.
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1. Introduction

Symmetric probability distribution, symmetric random variables, and the symmetric product
of two independent random variables have many applications in pure and applied mathematics.
The symmetric beta distribution has also very important applications in scientific studies. Using the
beta distribution, some mathematical models related to the behavior of random variables, limited to
intervals of finite length have been studied. For this reason, this distribution and its applications have
been used in mathematics, in probability, in theoretical statistics, in science, in health science, and in
social sciences (cf. [1-5] and the references cited therein). For instance, Gupta and Nadarajah [2] studied
the centrality of beta distributions in Bayesian inference with the help of the beta-binomial model.
In order to detect defects in a gear, Oguamanam et al. [4] gave the kurtosis of the beta distribution
model. On the other hand, generating functions for special numbers and polynomials have been used
in the mentioned above areas (cf. [1-4,6-38]).

In this paper, we use the generating function with their functional equations method. By using
this method, many identities and relations of the Bernstein-type basis functions are found. By using
the Bernstein-type basis functions, we defined beta type distributions. By applying gamma
function, beta function, and integral technique, some properties of beta type distributions are
given. Using generating functions with their functional equations technique and integral technique,
many identities and relations involving beta type distributions, the Bernstein-type basis functions,

Symmetry 2020, 12, 779; d0i:10.3390/sym12050779 www.mdpi.com/journal /symmetry


http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
https://orcid.org/0000-0002-2669-1044
http://dx.doi.org/10.3390/sym12050779
http://www.mdpi.com/journal/symmetry
https://www.mdpi.com/2073-8994/12/5/779?type=check_update&version=2

Symmetry 2020, 12,779 2of 16

moment generating functions, expected values for the logarithm of random variable, the Stirling
numbers, the Apostol-Bernoulli numbers, and the digamma function are given.

Expected values for the logarithm of random variable is very important tool in order to evaluate
of the value for the logarithm of the geometric mean of a distribution. As for the expected value of
the beta distribution, its computation is based on integral techniques. Furthermore, we give further
remarks and observations about the results of this paper.

Throughout this paper, we use the following notations, definitions, and relations.

Let N, Z, Q, R, and C denote the set of natural numbers, the set of integers, the set of rational
numbers, the set of real numbers, and the set of complex numbers, respectively.

Ny = NU {0}

X =x(x—1)(x=2)...(x—k+1)

and
X(O) =1

where k € Ny (cf. [38]).

In this paper, we give numerical values of the expected value for the logarithm of random variable
of the beta type distribution. These values are given in terms of the polygamma function, the digamma
function. Therefore, we give a brief description of these function as follows.

The polygamma function of order n, which is a meromorphic function on the complex plane,

is defined as follows,
dn+1

$"(2) = 5 (In(F(2))},

where I'(z) denotes the gamma function, which is the Mellin transform of the negative exponential
function ¢!, defined by

I'(z) = / Fle tdt
0

where z = x + iy € Cand x,y € R with x > 0 (cf. [3,24,37,38]).
Observe that the polygamma function is the (n + 1)th derivative of the function In(T'(z)).
Forn = 0, the polygamma function reduces to the digamma function 1(z), which is given by

¥(z) = 4 (n (@) = 55 2z )

(cf. [3,24,37,38] and the references cited therein).

1.1. Generating Functions for Special Numbers and Polynomials

In order to give identities, relations, and formulas, including the Apostol-Bernoulli polynomials,
the Stirling numbers, the aray polynomials, and Bernstein-type basis functions, we need the following
generating functions.

The Apostol-Bernoulli polynomials Br(lm) (x; A) are defined by the following generating function,

o (N v g
FB(t,x,m,/\) = <)\et—1> e —r;)[)’n (xlA)EI (1)
where m € Nand A € C.
Substituting x = 0 into (1), we have the Apostol-Bernoulli Bﬁ,m) A) = Br(lm) (0; A) (cf. [22,33,37,38]
and the references cited therein).
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The A-array polynomials S} (x; A) are defined by the following generating function,

et —1)
Fa(t,x,k;A) = (87

Z Si(x; A )
where k € Ny and A € C (cf. [33]).
Substituting x = 0 into (2), we have the A-Stirling numbers S, (7, k; ), which are given by

(At —1)F o N
BT n;)sz(n, k’A)E’ (©)]

Fs (t, k; /\) =

(cf. [21,33,36-38]).
Substituting A = 1 into (3), we have the Stirling numbers of the second kind:

Sz(ﬂ, k) = Sz(ﬂ, k,' 1).

These numbers are also given by the following relation,

x" = Z Sa(n,k)x 1), 4)
k=0

where k, n € Ny (cf. [9,21,25,33,36,38]; and the references cited therein).
The Stirling numbers of the first kind Sy (n, k) are defined the following generating functions,

F51(t,k)=M i nk ®)

and

=i&@@ﬁ, 6)
k=0

where k,n € Ny, and S;(n, k) = 0if k > n (cf. [9,21,25,33,36,38] and the references cited therein).

The definition (7) provides us with a generalization and unification of the Bernstein basis functions,
which were considered in many earlier investigations by (among others) Simsek [28-35], Farouki [11],
Goldman [12], Kim [15], Bayad et al. [7], Li and Goldman [18], and Acikgoz and Araci [6].

Definition 1. ([34]) Let a and b be non-negative real parameters with a # b. Let t € C. Let m be a positive
integer and let x € [a, b]. The Bernstein-type basis functions of degree n, Y} (x; a, b, m), are defined by

‘ K (x — a)kelb—2)t & o t"
fyx(x, t;a,b,m) = =)k = ng;OYk (x;a, b,m)m, (7)
wherek =0,1,...,n
By using (7), we have
k —k
. _(n\ (x—a)" (b—x)"
Yk (.x,ll,b,m) - (k) (b_a)m ’ (8)
where

(cf. [34]; see also [17,26-35]).
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Substituting @ = 0 and b = 1 into (8), we have the Bernstein basis functions:

B0 = () -0t ©)
(cf. [8,10,12,18]).

1.2. The Family of Beta Distributions

Many interesting analogs of the beta distribution were investigated by Johnson et al. [3] (Equation
(25.1), (p. 210)). A family of beta distributions, which is composed of all distributions with probability
density functions, is defined by

1 —a)P (b —x)T!
Py (x;a,b;p,q) = B(p,q) & (L;)_ a);ﬂjf) , (10)

wherea <x <b,p>0,9>0,and

1
Blpg) = [ w0 (1-w™

I'(p)T(q)
T(p+q)’

where B (p,q) denotes the beta function, which is a symmetric function and related to the gamma
function T (p) with

T(k+1) =k

for k € Ny (cf. [3], see also [23,24,31,37,38]).
Substituting g = 1 into (10), we have the power-function distribution.
xX—a

For y = j=5, the distribution Py (x;a, b; p, q) reduces to the following well-known beta probability
density function Pg(y; p, q):

yr (1 -yt

1
Pelvipa) = 50,

(cf. [3]).
Probability density function Pg(y; p,q) has reflection symmetry property.
As the beta function B (p, q) is a symmetric function, that is,

B(p,q)=B(q,p),

we have
Pg(y;p,q) = Pp(1 —y;q,p).

The function Pg(y; p, q) is also known as the standard form of the beta distribution with parameters
p and q.
When g = 1, the function Pg(y; p, q) reduces to the following standard power-function,

Pg(y;p,1) = py? !

(cf. [3] (p. 210)).

Let us briefly summarize the following sections of this paper.

In Section 2, using generating functions with their functional equations, some identities
associated with the Bernstein-type basis functions, the Apostol-Bernoulli numbers, A-Stirling numbers,
and A-array polynomials are given.
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In Section 3, beta type distributions in terms of the Bernstein-type basis functions are defined.
Many properties including symmetry property of these distributions are given. Series representations
for these distributions are given.

In Section 4, we give moment generating function for beta type distributions. We give many
properties of this function. With the aid of the moment generating function, we give moments and
expected value for the logarithm of random variable of the beta type distributions. We give some
identities and formulas including generalized harmonic numbers, the Lah numbers, the Stirling
numbers, and the polygamma function. Finally, we give some numerical values of these expected
value for the logarithm of random variable in terms of the polygamma function, the digamma function.

In Section 5, we give our results with our future studies.

2. Identities Including Bernstein-Type Basis Functions, Apostol-Bernoulli Numbers and Array
Type Polynomials

In this section, using functional equations for generating functions, we give some identities and
relations including the Bernstein-type basis functions, the Apostol-Bernoulli numbers, A—Stirling
numbers, and A—array polynomials.

Theorem 1. Let a and b be non-negative real parameters. Let A € R. Let n,m € Ny, k € {0,1,...,n} and
x € [a,b]. Then, we have

(l’] _ a)m(b _ x)”*kYz(x,’ﬂ,b, m) = B,’(’(x;a, b) f (C) B( ) (x )\)Sk(b _ x;)\)‘
c=0

Proof. We set the following functional equation:

Fyx(x, t;a,b,m) = MPB(t, %, A)Ea(t, (b — %),k A).

Combining the above functional equation with Equations (1), (2), and (7), we get

oo n ( }’lOQ ti’l

t [ee]
Z xabm—'— = X_: BY (x;1)= ZS,’f(b—x;/\)m.

! n=0

After doing some algebraic calculations in the above equation, with the help of the Cauchy
product rule, we obtain the following equation.

(b—a)"™(b—x)"* T Yi(x;a,b,m) L
= Bl (x%;a,0) T o T (B (A)Se(b — x;0) 5.

Equating the coefficients of L; on both sides of the previous equation, proof of the theorem
is completed. O

Theorem 2. Let a and b be non-negative real parameters. Let A € R. Let n,m € Ny, k € {0,1,...,n} and
x € [a,b]. Then, we have

n
Yy (x;a,b,m) b ; < > b—x;1)Sa(c,k; A). (11)
Proof. We set the following functional equation,

(x—a)"
fY,k(x, t, a, b,m) = mFB(t,b — X, k, )\)Fs(t,k,/\)



Symmetry 2020, 12,779 6 of 16

Combining the previous equation with (1), (3), and (7), we get

n

S o (r—a)f &
Z:: xabmn! m;::olgn (b—x;

t"°°

ZSzi’lk}\)

After doing some algebraic calculations in the above equation, we obtain the following equation.

n

ioyk(x a,b, m);. b i y ( > (b—x;/\)Sz(c,k;A);—n

Equating the coefficients of L; on both sides of the previous equation, proof of the theorem
is completed. O

Substituting a = 0, b = 1 into (11), we get the following corollary.

Corollary 1. Let A € R. Let n € Ny, k € {0,1,...,n} and x € [0,1]. Then, we have

B} ( —xk2<> (1=x0)S(c,kA).

3. Beta Type Distributions

In this section, we define beta type distributions in terms of the Bernstein-type basis functions.
We investigate some properties of these distributions. We also give symmetry property of these
distributions. Moreover, using binomial theorem, we give series representations for these distributions.
We give some series and integral representations for these distributions.

Combining (8) with (10), we define the following family of beta type distributions,

Y} (x;a,b,m)

F(x;a,b;n,m,k) = ,
(b—a)" " (B (n—k+1,k+1)

(12)

wherea #0b, b > a;n,m € Ny, k € {0,1,...,n} and x € [a,b].

Some properties of these distributions are given as follows.

By using Equation (8), we give the following the symmetry property of the Bernstein basis
functions of order n, Y} (x;a,b,m),

Yi(a+b—xa,b,m) =Y _,(x;a,bm).
Combining the above equation with the following symmetry property of the beta function,
B(n—k+1,k+1)=B(k+1,n—k+1),
we obtain symmetry property of the distribution F (x; 4, b; n,m, k) , described as follows,
F(a+b—x;a,b;n,mk)=F(x;a,b;n,mn—k).

For all x € [a,b], we have
F(x;a,b;n,m,k) >0

and .
/ F(x;a,b;n,m,k)dx = 1. (13)
a
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In order to compute the above integration, we need the following well-known integral formula,
b

[ a0y = (b ) B, ) (19
a

(cf. [24,35,37], (p. 9, Equation (60)).
Substituting (12) into (13), we have
1

b b
F(x;a,b;n,mk)dx = / Y?(x;a,b,m)dx.
/ﬂ ( ) (b*a)n_m_‘_l(Z)B(ﬂ*k+1,k+1) B k( )

Combining the above equation with (8), we get

b 1 b
F(x;a,b;n,m,k)dx = / x —a)k (b — x)"*dx. 15
/u ( ) (b—a)"“B(n—k—kl,k—l—l)-a( =) )

Combining (15) with (14), after some elementary calculations, we arrive at (13).
Substituting k = u, n — k = v into (12), we have

(x —a)"(b—x)°
(b—a) " Bw+1u+1)

F(xabu+o,u)= (16)

wherea #b, b >a,x € [a,b], u,v € (0,00).
Consequently, we see that Equation (16) is modified of the Equation (10).

Remark 1. Observe that when a = 0, b = 1, we have

Y,’z(x;O,l,m)
())B(n—k+1k+1)

F(x;0,1;n,m,k) =

Combining the above equation with Equation (9), for 0 <x <landk =0,1,2, ..., n, we have the following
well-known binomial (Newton) distribution,

(n+1) (Z)B (n—k+1,k+1)F(x;0,1;n,n,k) = Bf(x),
(cf. [3,19,26,27,31,34]).

Remark 2. By using discrete random variable and the Bernstein basis functions of order n, binomial distribution
and moment generating functions have been studied ([18-20,26,27,34]). By modifying Equation (7), Simsek [26]
gave the following moment generating functions My (t, x : n;a,b) related to the following Bernstein basis

functions of order n,
k n—k
noo. _(n\ (x—a b—x
st = (1) (=) (=)

wherek = 0,1,---, nand x € [a,b] and also 0 < gl,og‘%

given by

< 1, that is, My(t,x : n;a,b) is

x—a
b—a

o (yx—a  b—x\"
Mx(t,x.n,a,b)<eb_a+b_a) .

Substituting a = 0 and b = 1 into the above function, we have the following well-known formul for the
moment generating function of the Binomial distribution:

Mi(t,x:1;0,1) = (efx+1—x)"
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(cf. [18-20,26,27,34]).

Series Representations for Beta Type Distributions

Here, by using binomial theorem, we give some series representations for the distribution
F(x;a,b;n,m,k).

Theorem 3. We assume that ’

i F(x;a,b;n,mk) 1
n+1 Cx—a

, (17)

n=k

where x # a.

Proof. In [13] (Equation (1.9)), by using binomial theorem, for |x| < 1, Gould gave the following series,

2 (n\ L, 1
L (1) = e o

n=k

Combining (12) with (18) and (8), we get

)

= F(x;a,b;n,m,k) (x —a)
n;c n+1 = k+1 Z(

O

Observe that Equation (17) is modified as follows,

i F(x;a,b;n+kmk) 1
= n+k+1 Cx—a

Theorem 4. We assume that ’

2 F(x;a,b;n,m,k)
o Emt) g Lt
= (%) (b—x)

where x # aand x # b.

Proof. By using (8) and (12), we obtain

g romns (5) g (1o

k

After some elementary calculations in the above equation, we arrive at the desired result. [

4. Moment Generating Function for Beta Type Distributions

In this section, we give moment generating function for beta type distributions. We investigate
some properties of this function. By using these functions, we find moments and expected value for
the logarithm of random variable of the beta type distributions. We give relations among generalized
harmonic number, the Lah numbers, the Stirling numbers, and the polygamma function. Finally,
we give some numarical values of these expected value for the logarithm of random variable in terms
of the polygamma function, the digamma function.
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Moment generating function for the distribution F (x;a,b; n, m, k) is given as follows,

b
My (t;a,b;n,m, k) = /P(x;a,b;n,m,k)e”dx
a

- 1 2O () o
(b _a)n—m—i-l B (i’l —k+ 1’k+1) =0 ]' =0 c

b . k
></ Xt (b —x)" " dx.
a

Combining the above equation with (14), we obtain the following moment generating function
for F (x;a,b;n,m,k):

My (t;a,b;n,m, k)

ot : k—cpo+j+n—k+1 i
o k k—c (ky B(c+j+1,n—k+1)a* bt/ #
=L (Ec:o(—l) () Bi—F L LR 1) ) i

j=0

By using the moment generating function M, (t;4,b;n,m, k), computation formula for the
moments is given as follows,
u, (a,b;n,mk) = E(X")

where E(X) denotes the expected value or mean of the random variable X. That is,

u, (a,b;n,mk) = fab x'F (x;a,b;n,m, k) dx

k

= ZO(_1)k*6(72)akfcbc+m+nfk+1 (b — a)mfnfl
g(c+l+l,n7k+l)

TBi—k+LA+)

or

al
u, (a,b;n,mk) = i {Mx (t;a,b;n,m,k)} |1—o -

ol

~tIn(x=2) i the above equation, we arrive at the following theorem.

Replacing X by e

Theorem 5. Let n,m € Ny, k € {0,1,...,n} and x € [a,b]. Then, we have

E (e—tln(x—a)) (19)
D (v> (b—a)" " S1(v, j)Bk+o—1+1n—k+1)
o ! vIB(n—k+1,k+1) !
where x —a > 0and b # a.
Proof. By using definition of the expected value E(X), we have
E (eftln(X7[l)) (20)

b (x =) (b—x)"""
(b—a)" "' B(n—k+1,k+1)

— i(_l)fi{ (In(x —a))/dx.
= it Ja

]
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Combining the above equation with (5), we obtain

E (e—tln(x—a)) _ i (1) ¢ i M

j=0 v=0 """

X/bu+a—@0@—afw—xwkdx
a B(n—k+1,k+1) ’

Therefore,
- —1)/ 81 (v, j)
E tin(x—a ( ’
( ) ]X("JUZ%)U'B (n—k+1,k+1)(b—a)r—mtl
v b
x[:(>(—n“f/(x—aﬁ““Wb—xwwx

i=o \! a

As Si(v,j) = 0 for j > v, combining the above equation with (14), we arrive at the

desired result. [

Theorem 6. Let n,m € Ny, k € {0,1,...,n}. Then, we have

(21)

i W

Lre
R[E
"
&

I

oeiii (O (b—a)" 7715 (v, /)B (kto—l+ln—k+1),
(=1) H7Q> OB (n—k+1,kt1)

S|
Il
o
Ny
Il
=}
Il
o

[
agk
[
1=

where b # a and
ug =E(x%a,b).

Proof. By using (19), we obtain

o\ (b—a)" "1 (v,/)B Bk+to—l+1ln—k+1),
v'B(n—k+1,k+1)

E(i Xd:sl dm tm>
(o) (b—a)" s (0, /)B (kto—l+ln—k+1),
<l> vIB(n—k+1,k+1)

Therefore,

agk
[\1&
=
=
=

U
i
o
3
Il
S

o\ (b—a)" ™71 5 (v,/)B (kto—l+ln—k+1);
vIB(n—k+1Lk+1)

Il
[7e
g
Mc:
T
—_
i
£
o

S|
Il
o
-
Il
o
Il
o
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Combining the above equation with Equation (6), after some elementary calculation, we arrive at
the desired result. [

We give some special values of (21) as follows,

B(n+1—kk+1) (poPo(t) + p1Pr(t) + - - + unPu(t) +-- )
00 (_1)v(b _ a)ermfl

g

(81(0,0) — S1(v, 1)t + - - + (—1)%S4 (0, 0)£%)

=0 0!
X B(v+k+1,n+1—k)+...+(_1)v3(k+(;,il;;vl—k)>,
where
Py(t) = tt—1)(t—2)---(t—d+1)
= isl(d,m)tm.
m=0

After some elementary calculations in the above equation, we have

Py(t) = 5d,o+(—1)d*1(d—1)!t+(_1)d*2(d_1)gH;l|—1t2
- (Hy1)* —HY
+(-1) S(d—l)!f‘“ﬁ
_ (de1)3—3Hd,1H(2_) +2HW®
+(=1)4d - 1)! . d-1 d—1 44
+'“_@td_l+td,

where J, o denotes the Kronecker delta,

s _ 1 ifd=0
4073 0 ifd#£0

and H; denotes the harmonic numbers and Héj ) denotes the generalized harmonic number of order j
of d, which are defined as follows,
d
() _ gy 1
H - -
d C:Z] cf
and H; = Htgl) (see, for details, [9,25,38]).
We modify the Equation (21) as follows.

o\ (b—a)" " 'B(k+v—1+1,n—k+1)
z OB (n—k+t Lkt1)

i%f(@ = Ly (!

d=0 v=01=0

x 3 S1(0) (=Y,
j=0

where

P,(—t) = i&(v,]') (—t) = (—t)0) = iL(Uff)t(j)'
j=0 j=0

where L(v, j) denotes the Lah numbers. Consequently, we get the following corollaries.
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Corollary 2. Let n,m € Ny, k € {0,1,...,n}. Then, we have

Z Bapy () = (-t Y2 (-1 (D)) G —a)"

0=0 1=0 (n+o—1+1) G
where b # a.

Corollary 3. Let n,m € Ny, k € {0,1, ..., n}. Then, we have

m+ov—I—1
- Hd p o\ 1o (n+)EH ) E—a)™
Y. SrPat) =3} ) L(v )t Z e
o @' 0=0j=0 ) (n+v—-1+1) (kj:vfll)

where b # a.

Corollary 4. Let n,m € Ny, k € {0,1,...,n}. Then, we have

5 g = 3 3 ot RO "
d=0 °

=050 (n+o—1+1) (71570)
where b # a.

Expected Value for the Logarithm of Random Variable of Beta Type Distributions

Here, we give some identities and relations associated with the polygamma functions,
the digamma function, and the expected value for the logarithm of random variable of the beta
type distributions.

Theorem 7. Let j € Ny. Then, we have

E ((ln(x - a))j) (22)
j j—m
- B(v+1u+1 2 G RRETET

m=0

(u+1,0+1)},

where x —a > 0and b # a.

Proof. By using (20) and (16), we have

. b .
E((In(x—a))) = / Fy (x;a,b;u + 0,u) In (x — a)dx,
a
where x —a > 0 and b # a. Thus, we get

E ((ln(x - a))j)
1

b y o
- (b—a)u+v+1B(v+1,u—|—1)/a (x —a)"(b—x)"In/ (x — a)dx

1 ol b . )
- (b_ﬂ)u+v+1B(U+l,u—|—l)auj{/u (x —a)*(b—x) dx},
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where x # a and b # a. Combining the above equation with (14), we get

E ((ln(x - a))j) (23)

- ! aj u+ov+1
- (b_”)u+v+lB(U+1,u+1)8uf{(ba> B(u+1,v+1)},

By applying the Leibniz formula for differentiation, with respect to u, to the following function
(b—a)" """ 'B(u+1,0+1),

after some elementary calculations, we arrive at the desired result. [

Note that by using mathematical induction technique, proof of (22) is given.

Finally, we give few values of the expected value for the logarithm of random variable of the beta
type distributions by applying the formula (22) (with j = 1,2, 3, 4) as follows.

For j = 1, we have

E(In(x ) = In(b— @) + (u+1) — p(u+0+2)
It is well known that the logarithm of the geometric mean of a distribution (with random variable
X) is the arithmetic mean of In(X), equivalently, its expected value is E(In(X)).
For the beta distribution, the expected value with the help of integral, is given as follows.
E(In(x)) = ¢p(u+1) = ¢(u+0+2)
(cf. [3]).
For j = 2, we have
E ((ln(x - a))z) = In®(b—a)+2In(b—a) (P(u+1) — p(u+v+2))
+(pu+1) —ypu+v+2)"+ D (u+1) — pV(u+o+2)).

For j = 3, we have

E((ln(x—a))3> = 3(b—a)+3pDu+1)—pW(u+0+2))
X (pu+1) —p(u+v+2))
+(pu+1)—ypu+0+2)° + @D w+1) — @ (u+0+2))
+3In%(b—a)(p(u+1) — p(u+0+2))
+3ln(b—a)((1/;(u+1)—tlJ(u+U+2)) )
+3In(b —a)(pM (u+1) — pM (u 4 v +2)),

and for j = 4, we have
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E((n(x—a)*) = n*b—a)+@u+1) - plu+0o+2)°
+6(pM(u+1) — W (u+04+2)(Yu+1) — pu+0+2))>
4P (u+1) — @ (u+0+2) (W +1) — pu+ov+2)
3V (w+1) — W (u 40 42))?
+pPu+1) —p®(u+0v+2))
+41n° (b —a) (p(u+1) — p(u+ v +2))
+6In*(b —a)(p(u+1) — p(u+0v+2))
+6In2(b — a) (™M (u+1) — pM (u + v +2))
+4In(b —a)(p(u+1) —p(u+v+2))°
+12In(b — a) (pV (1 +1) — D (u 4+ 0 +2))

X(Ppu+1)—p(ut+ov+2))
+41In(b —a) (P (u+1) — @ (u +v+2))),

and so on.

5. Conclusions

In this paper, using the Bernstein-type basis functions of order n, we defined a new class of beta
type distributions. We gave not only symmetry property and other properties of these distributions,
but, using the Bernstein-type basis functions and binomial series, we also gave series and integral
representations of these distributions. We defined moment generating function and expected values
for the logarithm of random variable of this distribution. By using this generating function, we gave
moments related to the Harmonic numbers; the Stirling numbers; the Lah numbers; and we give many
new relations and identities among this distribution, expected values, the polygamma function,
the digamma function, the harmonic numbers, the Stirling numbers, the polygamma function,
and the digamma function. By using functional equations of generating functions, we gave some
relations and identities including the Bernstein-type basis functions, the A-array polynomials, and the
Apostol-Bernoulli numbers and polynomials. Some numerical values of the expected values were
given. The logarithm of the geometric mean of a distribution with random variable is the arithmetic
mean of E(In(X)), which has many applications in mathematical models, in quantities of information
(entropy), in Bayesian inference, in probability integral transform, in distribution of any individual
order statistic, and in other disciplines. The results of this paper may potentially be used in mathematics,
in physics, in engineering, in health sciences, and also in social sciences.

We plan to investigate connection with the Bernstein-type basis functions of order n, moments in
terms of moment generating function for beta type distributions, the Hankel determinant, the Hilbert
matrix, and orthogonal polynomials, in near future.
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