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We have used a spin-1 Ising model Hamiltonian with dipolar (bilinear, 𝐽), quadrupolar (biquadratic, 𝐾), and dipolar-quadrupolar
(odd, 𝐿) interactions in pair approximation to investigate the exchange-bias (EB), coercive field, and asymmetric hysteretic shearing
properties peculiar to core/surface (𝐶/𝑆) composite nanoparticles (NPs). Shifted hysteresis loops with an asymmetry and coercivity
enhancement are observed only in the presence of the odd interaction term in the Hamiltonian expression and their magnitudes
show strong dependence on the value of 𝐿. The observed coercivity and EB in 𝐶/𝑆 NPs originated from nonzero odd coupling
energies and their dependence on temperature (𝑇) and particle size (𝑅) are also discussed in relation to experimental findings.

1. Introduction

The exchange-bias (EB) phenomenon is defined as shift of
the hysteresis loop along magnetic field (ℎ) axis, in either
negative or positive direction. It is one of the phenom-
ena associated with the exchange anisotropy created at the
interface between ferromagnetic (FM) and antiferromagnetic
(AFM) spin structures. The anisotropy was first discovered
by Meiklejohn and Bean [1]. Since then, it was observed
in many different systems containing FM/AFM interfaces,
such as layered thin films [2], inhomogeneous materials [3],
and small particles [4]. Most of the subsequent studies [5–
17] have been focused on exchange-biased nanostructures
composed of FM/AFM interfaces because of their technolog-
ical applications in advanced magnetic devices. In particular,
the temperature and size dependence of EB in FM/AFM
nanoparticles (NPs), including commonly FM (core)/AFM
(shell) interface, has attracted a lot of attention [8–11, 15].

However, only very recently, some works partially
addressing the numerical studies of EB effects in magnetic

NPs have been published [18–24]. In order to understand
the origin of the loop shifts displayed numerically in NPs
with core-shell morphology, the researchers simulated, using
the Monte Carlo (MC) technique, the atomic-scale modeling
where the spins interact with nearest-neighbor Heisenberg
interactions. From the cooling field strength versus EB field
(ℎ
𝐸
) and coercive field (ℎ

𝐶
) variations, their simulations

have shown that the asymmetry in the hysteresis loops was
due to the different magnetization reversal mechanisms in
two branches related to exchange coupling at the FM/AFM
interface [18, 19]. On the other hand, a variety of experimental
facts associated with EB for the coupled FM/AFM layers were
modeled as Ising-type system due to their strong uniaxial
anisotropy [25–28]. Within the mean-field-type calculations,
a shift of the hysteresis loop along the magnetic field axis was
accompanied by an enhancement of the coercivity [27].

While there is vast literature on this enhancement of ℎ
𝐶

in finite and infinite systems (for a review see [29]), less
attention has been paid to Ising model formulation in pair
approximation (PA) for the appearance of EB in NPs systems
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[30].This theory treats the nearest-neighbor pair correlations
between Ising spins within the nanoparticle explicitly, and
therefore being capable of describing core/surface (𝐶/𝑆)
composite NPs. For these particles the correlations between
nearest-neighbors are significant to establish boundaries
between core (𝐶) and surface (𝑆) parts with different mag-
netic properties. A similar approach has recently been used
by us to investigate the hysteretic splitting of 𝐶/𝑆 NPs
[31, 32]. In the presence of an external magnetic field, we
have taken into account only even interactions (or dipolar,
quadrupolar, and single-ion anisotropy) between Ising spins
in 𝐶, interface (𝐶𝑆), and 𝑆 parts within the nanoparticle.
The microscopic model that uses these properties is called
the Blume-Emery-Griffiths (BEG) model [33]. It works well
for systems characterized with fluctuations in both density
and magnetic ordering when the odd sector contributions
(or dipolar-quadrupolar interaction, external magnetic field)
are included in the Hamiltonian. For a complete description
of phase transitions arising in bulk systems, the full BEG
Hamiltonian with both even and odd interaction terms
was studied using various techniques [34–39]. But the odd
term has not been considered for the analysis of structural
transitions in NPs presented in [31, 32]. By incorporating
odd interaction the PA formalism may provide a theoretical
framework for the EB effect and the asymmetry of the
hysteresis loops observed in experiments made on a single
(or independent) composite nanoparticle.

In this work, we will use, in addition to the even inter-
actions, odd sector contribution to the Ising Hamiltonian
in order to obtain a complete description of magnetic and
hysteretic properties for the smart 𝐶/𝑆 NPs. Particularly, we
will show, through PA calculations, how the EB field observed
in the smart𝐶/𝑆NPs is related to this contribution.Moreover,
the direct inspection of magnetization along the asymmetric
hysteresis loops will allow us to provide quantitative under-
standing of these loops and their sizes (ℎ

𝐶
) in terms of the

exchange energies.The remainder of the paper is organized as
follows: in Section 2 we describe the basics of our model and
method. In Section 3 we present the numerical calculations
for magnetization and hysteresis curves and discuss results.
Finally, a brief summary is given in Section 4.

2. Model and Method

The magnetic NPs considered have hexagonal lattice struc-
ture for any 2D arrays with radius𝑅 related to the numbers of
shells and are made of a core surrounded by a surface [30]. A
schematic representation of such a structure has been shown
in Figure 1 of [31]. We have supposed an Ising spin (𝑆

𝑖
) at

each lattice site 𝑖 which takes on the values ±1, 0, as usual
[31, 32]. In order to describe the magnetic properties of the
system, we have studied the classical Ising Hamiltonian for a
configuration {𝑆

𝑖
}:

𝐻{𝑆
𝑖
} = −𝐽 ∑

⟨𝑖,𝑗⟩

𝑆
𝑖
𝑆
𝑗
− 𝐾 ∑

⟨𝑖,𝑗⟩

𝑆
2

𝑖
𝑆
2

𝑗
− 𝐿 ∑
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− ℎ ∑
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(𝑆
𝑖
+ 𝑆
𝑗
) ,

(1)

where ⟨𝑖, 𝑗⟩ indicates a sum over the nearest neighbors. 𝐽, 𝐾,
and𝐿 denote, respectively, the dipolar (bilinear), quadrupolar
(biquadratic), and odd interactions. In (1), the terms with
exchange parameters 𝐽 and 𝐾 are even sector contributions
while the magnetic field-like perturbations (𝐿 and ℎ) are
odd sector terms [34]. Since the parameter 𝐿, also called
dipolar-quadrupolar interaction, is associated with dipolar
and quadrupolar pair interactions, it is combined with 𝐽 and
𝐾 via a geometric mean [37] by 𝐿 = (𝐽𝐾)

1/2. All interaction
parameters appearing in (1) are measured in units of 𝑘

𝐵
𝑇 (𝑘
𝐵

Boltzmann constant and𝑇 temperature) and are kept fixed in
computing a phase diagram. In connection with multicritical
phenomena the above Hamiltonian has been investigated
extensively. In most of the cases considered so far the
materials are bulk samples [35, 36, 38]. However, to the best
of our knowledge, there are no reports on the magnetic
properties of the nanoscale case through the inclusion of
dipole-quadrupole interaction in the Hamiltonian which has
recently been evidenced in some𝐶/𝑆magnetic NPs using the
synthesis techniques [40].

Having defined the relevant spins and Hamiltonian
expression that describe the system, we separate Ising spins
in three components within the NPs. These are 𝐶, 𝐶𝑆, and
𝑆 which have the spin numbers denoted by 𝑁

𝐶
, 𝑁
𝐶𝑆
, and

𝑁
𝑆
, respectively. For the 𝐶/𝑆-type NPs, we separate (1) into

three terms (𝐻
𝐶
,𝐻
𝐶𝑆
,𝐻
𝑆
) including all interactions between

nearest neighboring spins in core (𝐽
𝐶
, 𝐾
𝐶
, 𝐿
𝐶
), core-surface

(𝐽
𝐶𝑆
, 𝐾
𝐶𝑆
, 𝐿
𝐶𝑆
), and surface (𝐽

𝑆
, 𝐾
𝑆
, 𝐿
𝑆
) regions. Here 𝐿

𝐶
=

(𝐽
𝐶
𝐾
𝐶
)
1/2, 𝐿
𝐶𝑆

= (𝐽
𝐶𝑆
𝐾
𝐶𝑆
)
1/2, and 𝐿

𝑆
= (𝐽
𝑆
𝐾
𝑆
)
1/2. Using the

theoretical formulation based on the PA in Kikuchi version
[41, 42], the particle’s magnetization is easily calculated from
the definition:

𝑚 = 𝑃
++

+ 𝑃
+0

+ 𝑃
+−

− (𝑃
−+

+ 𝑃
−0

+ 𝑃
−−
) , (2)

where the bond variables (𝑃
𝑖𝑗
, 𝑖, 𝑗 = +, 0, −) are found from

the numerical solutions of the following set of self-consistent
equations:

𝑃
𝑖𝑗
= 𝑍
−1
(𝑝
𝑖
𝑝
𝑗
)
(𝛾−1)/𝛾

exp (−𝛽𝜀
𝑖𝑗
) ≡ 𝑍

−1
𝑒
𝑖𝑗
. (3)

Here, 𝛽 = 1/𝑘
𝐵
𝑇, 𝑝
𝑖
(𝑖 = +, 0, −) is the point/state variable,

𝛾 is the coordination number of a given lattice site inside the
NP, and 𝑍 is the partition function defined by the relation
𝑍 = ∑

𝑖,𝑗=+,0,−
𝑒
𝑖𝑗
. For the energy parameters 𝜀

𝑖𝑗
in (3) we have

recently introduced the definition [31, 32]

𝜀
𝑖𝑗
= 𝑁
𝐶
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, (𝑖, 𝑗 = +, 0, −) , (4)

where 𝑁
𝐶

𝑃
= (𝑁

𝐶
𝛾
𝐶
/2) − 𝑁

𝐶𝑆
, 𝑁𝐶𝑆
𝑃

= 2𝑁
𝐶𝑆
𝛾
𝐶𝑆
/2, 𝑁𝑆

𝑃
=

𝑁
𝑆
𝛾
𝑆
/2 are the numbers of spin pairs; 𝛾

𝐶
, 𝛾
𝐶𝑆
, 𝛾
𝑆
are the

coordination numbers; and 𝜀
𝐶

𝑖𝑗
, 𝜀𝐶𝑆
𝑖𝑗
, 𝜀𝑆
𝑖𝑗
are called the bond

energies of spin pairs (𝑖, 𝑗) for 𝐶, 𝐶𝑆, and 𝑆 ions, respectively.
They are computed easily as in Table 1 using (1).

Based on the numerical solutions of (3) using iteration
technique, we have firstly obtained the magnetization and
hysteresis curves for the smart 𝐶/𝑆 NPs and investigated
their temperature and particle size behaviours in Figures 1–
4, respectively. We have then, in Figure 5, produced and ana-
lyzed the calculated data for the odd interaction dependence
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Table 1: Bond energies of spin pairs (𝑖, 𝑗) for 𝐶, 𝐶𝑆, and 𝑆 ions.
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Figure 1: Magnetization (𝑚) versus reduced temperature (𝑘
𝐵
𝑇/𝐽
0
)

in the absence (𝐽 and 𝐽𝐾) and presence (𝐽𝐾𝐿) of odd interaction (𝐿)
for 𝑅 = 4 and ℎ = 0.0.

of the hysteresis loops. Finally, effects of the same interaction
on the split loops are presented in Figure 6. In all figures, we
mainly focus on nonzero odd interactions which enable us
to see a number of results numerically resulting in deeper
understanding of the behaviour of exchange-biased FM core
and FM surface NPs.

3. Results and Discussion

We start by discussing the properties of magnetization curves
of noninteracting composite NPs, as yielded by the present
model Hamiltonian (see (1)). Figure 1 shows the reduced
temperature (𝑘

𝐵
𝑇/𝐽
0
) dependence of magnetization (𝑚) for

a very small composite nanoparticle with 𝑅 = 4 shells under
zero magnetic field (ℎ = 0.0). In our calculations we have
selected, for simplicity, 𝐽

𝐶
= 𝐽
𝑆
= 𝐽
0
, 𝐽
𝐶𝑆

= −𝐽
0
, 𝐾
𝐶
= 𝐾
𝑆
=

𝐾
0
,𝐾
𝐶𝑆

= −𝐾
0
, and 𝐿

𝐶
= 𝐿
𝐶𝑆

= 𝐿
𝑆
= 𝐿
0
. The curves present

three different cases. The red curve, denoted by the letter J,
corresponds to absence of quadrupolar and odd interactions
(𝐽
0
= 1, 𝐾

0
= 𝐿
0
= 0), the black curve (or curve 𝐽𝐾) is for

the presence of both dipolar and quadrupolar couplings with
𝐽
0
= 𝐾
0
= 1, 𝐿

0
= 0, and the blue one (curve 𝐽𝐾𝐿) is for the

presence of all interaction terms, or 𝐽
0
= 𝐾
0
= 𝐿
0
= 1. When

the odd interaction is neglected, the magnetization of the
NP decreases continuously from one (1.0) with increasing

temperature and converges to zero (0.0). This behaviour is
known as the ferromagnetic-paramagnetic (PM) transition in
magnetic nanoparticles [43].The inset of the figure shows that
the Curie temperature for the case 𝐽

0
= 1, 𝐾

0
= 𝐿
0
= 0 is less

than one for 𝐽
0
= 𝐾
0
= 1, 𝐿

0
= 0. On the other hand, in the

presence of 𝐿 interaction in addition to 𝐽 and 𝐾 interactions
(or 𝐽
0
= 𝐾
0
= 𝐿
0
= 1), the above transition property has been

removed; that is, there is no FM-PM transition and the
nanoparticle occupies single magnetic phase (𝑚 ̸= 0).

Magnetization (𝑚) versus ℎ calculations for a composite
nanoparticle with𝑅 = 4 shells are performed at𝑇 = 200𝐽

0
/𝑘
𝐵

and results are displayed in Figure 2. Three hysteresis curves
corresponding to the cases 𝐽, 𝐽𝐾, and 𝐽𝐾𝐿 in Figure 1 are seen
in Figure 2(a). It is pointing out that the hysteresis loop (black
curve) is regular and symmetrical around ℎ = 0.0 when 𝐽

0
=

𝐾
0
= 1,𝐿

0
= 0. In otherwords, the values of coercive fields for

decreasing and increasing field branches (or the points where
the loop intercepts the negative and positive ℎ axis), denoted
by ℎ
𝑑
and ℎ

𝑖
, respectively, are equal with opposite sign (ℎ

𝑖
=

−ℎ
𝑑

= 0.098). The loop becomes narrower and coercive
fields decrease to ℎ

𝑖
= −ℎ
𝑑
= 0.032 under zero biquadratic

interaction (𝐾
0
= 0), plotted as the red curve in the figure.

On the other hand, when the odd interaction is present for
𝐽
0
= 𝐾
0
= 𝐿
0
= 1, one can easily notice that the hysteretic

behaviour displays a remarkable property, that is, a large shift
(ℎ
𝐸
) towards negative magnetic field values with ℎ

𝑖
= −0.990

and ℎ
𝑑
= −1.466, as can be seen from the blue curve in the

figure. This property is known as EB effect and determined
from the horizontal shift in the midpoint of the loop where it
is located at ℎ = −1.228.The expression given in the literature
[6, 10] for the shift ℎ

𝐸
of any hysteresis loop is ℎ

𝐸
= |ℎ
𝑖
+ℎ
𝑑
|/2.

Based on this expression, the exchange field reads ℎ
𝐸
= 1.228.

We also observe an increase in the coercive field (Δℎ
𝐶

=

0.140) with ℎ
𝐶

= 0.238 according to the definition ℎ
𝐶

=

|ℎ
𝑖
− ℎ
𝑑
|/2 [6, 10]. Such a shift accompanied by a coercivity

enhancement (Δℎ
𝐶
) has been generally observed in metallic

magnetic NPs [6], nanogranular materials [7], and some
nanocomposite systems [14] characterized by the coexistence
of different exchange-coupled magnetic phases. Another
important property which originates from nonzero 𝐿

0
values

is the asymmetry of the loop. It is an intrinsic effect which
develops with increasing values of interface coupling for the
EB magnetic structures [44–46].
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For the sake of comparison, we have also calculated the
hysteresis for the same system, but using different interface
exchange parameters, whose results are drawn in Figure 2(b).
Again we have considered four-shell NPs but with the
following characteristics: the exchange interactions in the
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core region (𝑅 = 0–3) are given by simple FM coupling values
𝐽
𝐶
= 𝐾
𝐶
= 𝐿
𝐶
= 1, the outermost shell (or surface) (𝑅 = 4)

is also FM with 𝐽
𝑆

= 𝐾
𝑆

= 𝐿
𝑆

= 5, and the couplings
between 𝑅 = 3 and 𝑅 = 4 shells are due to AFM dipolar
and quadrupolar couplings with 𝐽

𝐶𝑆
= 𝐾
𝐶𝑆

= −1, −2, −4, −8
and FM odd interactions with 𝐿

𝐶𝑆
= 1, 2, 4, 8 as shown by the

black, red, blue, and green curves, respectively. As evidenced
by all colored curves in this graph, the shifted loops due
to nonzero odd interaction (𝐿

𝐶𝑆
) present another clear

exchange shift related to the increase of interfacial AFM
dipolar and quadrupolar coupling values (𝐽

𝐶𝑆
, 𝐾
𝐶𝑆
) from

−1 to −8. Also, on increasing these couplings, the loops
become more asymmetric in shape than one with smaller
couplings. In other words, we observe a large curvature
at the bottom of the black 𝑚-ℎ loop along the magnetic
field axis in the negative direction while it changes into
crookedness with increasing 𝐿

𝐶𝑆
values (Figure 2(b)). In

upward curvature/crookedness case, the magnitude in the
negative magnetization (−𝑚) direction is smaller than one
when it is in the opposite (+m) direction. Origin of above-
mentioned asymmetric properties is related to the upward
vertical shear of 𝑚-ℎ loops by Ceylan et al. [47, 48]. In [47],
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Figure 6: (a) Split 𝑚-ℎ hysteresis loops for a composite NP in the
absence (𝐽𝐾𝐷) and presence (𝐽𝐾𝐷𝐿) of odd interaction (𝐿

0
). (b) and

(c) Hysteresis loops (𝐽𝐾𝐷𝐿) as in (a), but using different exchange
parameters; 𝑅 = 6, 𝑇 = 120𝐽

0
/𝑘
𝐵
.

the crookedness was explained as originating in the pinned
spins at the interface between the core and shell regimes of
the NPs. Some parts of the interface spins between the core
and surface cannot rotate with the field due to the pinned
spins in the negative magnetization direction.The number of
pinned spins is ameasure of the curvature/crookedness at the
bottom of the𝑚-ℎ loops with EB effects. Furthermore, the EB
effects are correctly related to the decreasing of the number
of the pinned spins at the interface. To understand the
behaviour in the negative magnetization direction we need
to investigate separately positive and negative magnetization
characteristics. This can be achieved through use of the 𝑚-ℎ
loops split according to the magnetization direction. The
split 𝑚-ℎ loops were recently investigated in relation to the
single-ion anisotropy parameter (𝐷) based on a similarmodel
calculation with 𝐷

𝐶
= 𝐷
𝑆
= 𝐷
0
[31, 32]. Effects of the odd

interaction on the split loops will be shown in the last figure
and discussed in the last paragraph of this section.

The reduced temperature dependencies of ℎ
𝐸
and ℎ

𝐶

obtained from magnetic hysteresis loops (𝑚 versus ℎ) in the
temperature range from 50 to 850 for the NP with size 𝑅 = 4

were studied using the interactions 𝐽
0
= 𝐾
0
= 𝐿
0
= 1 (empty

circles with red and blue colors) and 𝐽
0
= 𝐾
0
= 𝐿
0
= 2 (empty

squares with red and blue colors), as shown in Figure 3.
One can see from the figure that the amount of hysteretic
shift for the case 𝐽

0
= 𝐾
0
= 𝐿
0
= 1 increases gradually

with increasing temperature and remains constant until the
temperature approaches 𝑇 ≈ 266𝐽

0
/𝑘
𝐵
, where ℎ

𝐸
starts to

decrease (Figure 3(a)), whereas the width of the hysteresis
decays exponentially and the loop becomes narrower until
it vanishes when the temperature rises to 𝑇 ≈ 500𝐽

0
/𝑘
𝐵

(Figure 3(b)). Another exchange field value calculated for
𝐽
0
= 𝐾
0
= 𝐿
0
= 2 displays a similar behaviour for the temper-

ature dependencewith plateau between temperatures 250 and
375, but it jumps to larger values at each temperature, as
compared to one for the case 𝐽

0
= 𝐾
0
= 𝐿
0
= 1. Again we

observed exponential decay in the coercivity with increasing
temperature below 𝑇 ≈ 750𝐽

0
/𝑘
𝐵
, where it goes to zero, also

seen in Figure 3(b). But the decay is much slower than the
previous case. The exponential decrease of ℎ

𝐶
with tempera-

ture for a fixed particle size agrees with the same behaviour
that was observed experimentally for the monodisperse NPs
in [15, 49] as well as the simulated composite NPs [20].
Remarkably, the observed temperature dependence of ℎ

𝐸

resembles more those reported in previous experimental
investigations on nanometric iron particles embedded in an
AFM matrix [5] and on heavily oxidized core-shell NPs [9]
rather than the ones in monodisperse systems. As can be
seen in Figure 3(b), the system also exhibits a coercivity
enhancement, Δℎ

𝐶
, from ℎ

𝐶
at 𝐽
0
= 𝐾
0
= 𝐿
0
= 1 to ℎ

𝐶
at 𝐽
0
=

𝐾
0
= 𝐿
0
= 2.

To demonstrate the role of particle size, we keep the
temperature constant and we change the radius of the NP
described in Figures 1 and 2(a). Our results for 𝑇 = 350𝐽

0
/𝑘
𝐵

(empty circles with red and blue colors) and 𝑇 = 700𝐽
0
/𝑘
𝐵

(empty squares with red and blue colors) are presented in
Figure 4 where we have plotted ℎ

𝐸
and ℎ

𝐶
as a function of

𝑅. In this case we have started with 𝐽
0
= 𝐾
0
= 𝐿
0
= 1. It can

be seen, from Figure 4(a), that ℎ
𝐸
at 𝑇 = 350𝐽

0
/𝑘
𝐵
increases

first, reaches its maximum around 𝑅 = 5, and then decreases
with increasing particle size. In addition, another peak with a
lower height appears at 𝑅 = 10. With increasing temperature
(𝑇 = 700𝐽

0
/𝑘
𝐵
), ℎ
𝐸
decreases and the peak positions change

to𝑅 = 6 and 8.Although the reduction of the loop shiftwith𝑅
confirms similar trends observed experimentally [10], a closer
inspection of our results reveals the notable oscillations [11] of
ℎ
𝐸
as function of 𝑅. However, it is clear that with increasing

radius ℎ
𝐶
at 𝑇 = 350𝐽

0
/𝑘
𝐵
also grows but it reduces when

the temperature is raised to 𝑇 = 700𝐽
0
/𝑘
𝐵
in Figure 4(b).

For both temperatures, the functional relation ℎ
𝐶
≈ 𝑅
−1.6 fits

very well the results of our coercivity calculations for the NPs
of sizes 2 ≤ 𝑅 ≤ 12 as shown in the inset of Figure 4(b).
The linear relation described abovewas also obtained by Rego
and Figueiredo [30]. Our observed size dependence of the EB
and coercivity can be explained on the basis of the models
offered in [50]. In general, the decrease of the EB is due to the
smallness of the volume-dependent Zeeman energy and the
decrease of the coercivity is related to the surface anisotropy.
For the nanosized regime (say <∼10 nm, superparamagnetic
limit), Zeeman energymay be less than the anisotropy energy
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and both effects may contribute to the slimming of the EB
and coercivity for very small particles [51]. But Zeeman
energy and anisotropy energy are both normally proportional
to the volume when the size is greater than ∼10 nm. We
indicate from these observations that ℎ

𝐸
and ℎ

𝐶
are strongly

related to the particle size, which was previously reported in
experiments for the polycrystalline NPs [10].

In Figure 5, we have investigated the role played by
the odd interaction strength (𝐿

0
) on the observations of

ℎ
𝐸
and ℎ

𝐶
by comparing the calculations for two different

temperatures with the same particle radius 𝑅 = 4. In the
figure, empty circles correspond to the temperature 𝑇 =

350𝐽
0
/𝑘
𝐵
while empty squares are for another temperature,

that is, 𝑇 = 700𝐽
0
/𝑘
𝐵
. ℎ
𝐸
shows a linear change with 𝐿

0

values when 𝐿
0

> 1 (Figure 5(a)). But there is no clear
difference between two calculated pieces of data for two
temperatures. According to the behaviour demonstrated in
the inset of Figure 5(a), a slight change for 350 and 700𝐽

0
/𝑘
𝐵

of temperatures occurs at very small 𝐿
0
values with 𝐿

0
≤ 1.

This small difference for ℎ
𝐸
is attributed to the decreasing of

the interactions between pinned spins at the 𝐶/𝑆 interface.
On the other hand, the field ℎ

𝐶
shows nearly the same linear

behaviour as ℎ
𝐸
for 𝐿
0
> 2. Two coercive fields calculated

using both temperatures (𝑇 = 350𝐽
0
/𝑘
𝐵
,𝑇 = 700𝐽

0
/𝑘
𝐵
) at the

same 𝐿
0
values are different from each other while especially

ℎ
𝐶
exhibits small slope for 𝐿

0
< 2. Furthermore, differences

of ℎ
𝐶
for 350 and 700𝐽

0
/𝑘
𝐵
of temperatures disappear at each

𝐿
0
when 𝐿

0
< 1. In this case, the EB gets destabilized in

the smaller 𝐿
0
due to the thermal fluctuations of the 𝐶 and

𝑆 spins.
Finally, we have shown in Figure 6 further calculations

performed at a different temperature (𝑇 = 120𝐽
0
/𝑘
𝐵
) for

a bigger composite nanoparticle with 𝑅 = 6 shells, which
obviously indicates the effects of the interaction 𝐿

0
on

the split hysteresis curves or double FM loops. Detailed
discussion of these loops was given in [31, 32]. A split 𝑚-ℎ
hysteresis loop for a nanoparticle is observed in the presence
of single-ion anisotropy parameter (𝐷). A similar curve is
reproduced here for comparison using 𝐽

0
= 1, 𝐾

0
= 0.01,

𝐷
0
= −1.0, 𝐿

0
= 0.0, illustrated as the red curve (or curve

𝐽𝐾𝐷) in Figure 6(a). When the odd interaction is present in
addition to𝐷with 𝐽

0
= 1,𝐾

0
= 0.01,𝐷

0
= −1.0, 𝐿

0
= 0.1, the

hysteresis loop (curve 𝐽𝐾𝐷𝐿 or blue curve) is also splitting in
double FM loops but with a small loop shift towards negative
magnetic field direction (−ℎ), also indicated in Figure 6(a).
Figure 6(b) shows another double FM loop structure at 𝐽

0
=

1,𝐾
0
= 0.01,𝐷

0
= −1.8, 𝐿

0
= 0.1 (blue curve). On increasing

𝐿
0
from 0.0 to 0.1, one of the split loops becomes narrower

while the other is wider than the red one for 𝐿
0
= 0.0. On

the other hand, when increasing both 𝐾
0
and 𝐿

0
values, that

is, 𝐽
0
= 1, 𝐾

0
= 0.1, 𝐷

0
= −1.8, 𝐿

0
= 0.316, the FM loop

observed at negative magnetization side disappears and the
particle shows a single line hysteresis loop at this side but
we can still see only one FM loop at positive magnetization
side (see also the blue curve in Figure 6(c)). This single line
hysteresis loopmay originate from the same direction pinned
spins at 𝐶/𝑆 interface.

4. Summary and Conclusion

In summary, we have presented a spin-1 Ising model for
the composite 𝐶/𝑆 NPs that have revealed a shift (also
known as the EB effect) in the hysteresis loops. The effect
was found to increase with dipolar-quadrupolar interaction
strength. The coercivity is also sensitive to this interaction
parameter. In contrast to FM/AFMmultilayers [27], we have
concluded that the behaviours of the fields ℎ

𝐸
and ℎ

𝐶
are

of the same origin; both are present and they are strongly
correlated. We have also found usual temperature and size
dependencies of EB and coercivity values. However, when
the odd interaction is absent, the hysteresis loops of 𝐶/𝑆NPs
are always symmetric, which is independent of temperature
below the critical temperature.The occurrence of asymmetry
in the loops is also linked with the appearance of the
maximumof EB, increasing for larger anisotropy ratios, as has
been found in other EB systems for smaller particles [44, 45].
In other words, by a unidirectional shift of the 𝑚-ℎ curves
and by increasing coercivity with decreasing temperatures,
one finds good conditions to observe such an asymmetry in
the loops correlated with nonzero odd interaction strength.
While no vertical shift in the hysteresis is observed, all
asymmetric loops obtained in this study exhibit an upward
curvature/crookedness shape as well as a horizontal shift. As
follows from the experiments on core/shell structured NPs
[47, 48] the presence of this type of asymmetry accompanying
the EB has been associated with the presence of pinned
spins located at the 𝐶/𝑆 interface within the NPs. In our
NPs, we have also observed asymmetry effects on the split
hysteresis loops which suggest that there is a variation of
pinning strength amongst the interface spins depending on
the particle size and temperature [50].

In conclusion, the inclusion of odd sector contributions
in the Ising Hamiltonian for a single composite nanoparticle
induces above significant hysteresis properties. Our inves-
tigations show also that in general one has to deal with
different interaction strengths for the hysteretic behaviours of
various nanostructuredmaterials, resulting in interesting and
even surprising new effects. Hence, it is possible to control
the coercivity and the EB as well as the asymmetry during
magnetization reversal processes along the hysteresis loops of
any given nanosystem. For example, the present theoretical
approach provides a model system for studying magnetic
propertieswithin the periodic arrays ofNPswith interparticle
dipole-quadrupole interactions [52]. In future, we expect a
deeper insight into the physics of EB from a comparison of
the ideas from [52] and our calculations.
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