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Abstract This article explores an analysis via the Noether
symmetry approach to investigate an extended teleparallel
F(T, X, φ) gravity model in the context of a Friedmann–
Robertson–Walker spacetime. The model incorporates the
torsion scalar T , scalar field φ and the kinetic term X of
the scalar field. This approach allows us to select physi-
cally interesting models by restricting arbitrariness in the
F(T, X, φ) function. Thus we focus on two types of the
function F(T, X, φ), namely models involving the gener-
alized teleparallel dark energy and the nonlinear function of
the kinetic term and analyze the Noether symmetry proper-
ties and demonstrate the presence of non-vanishing Noether
vectors. In the first model, by specifically considering the
X4 Noether symmetry, representing a scaling symmetry, we
simplify the field equations and introduce a cyclic variable
to enable a more workable formulation. Furthermore, we
present a comprehensive graphical analysis, showcasing the
time evolution of the scale factor and the scalar field by using
the solutions obtained through these new variables. Addition-
ally, we examine some fundamental cosmological parame-
ters. For the second model, which includes the nonlinear form
of the kinetic term, Noether symmetry results in obtaining
simple power-law solutions for the dynamic variables. Our
findings clearly show that the considered models represent an
accelerating expansion of the Universe, which is consistent
with observations. This study highlights the efficacy of the
Noether symmetry approach in defining the functional form
of F(T, X, φ) and obtaining precise cosmological solutions.
The analytical solutions and graphical analysis offer valuable
insights into the dynamic behavior of the models, contribut-
ing to understanding the evolving nature of the Universe.
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1 Introduction

In recent years, the field of cosmology has witnessed sig-
nificant advancements driven by the quest to explain the
observed accelerated expansion of the universe [1,2]. The
standard framework of General Relativity (GR), coupled
with the presence of dark energy [3] or the introduction of
a cosmological constant [4], provides a successful descrip-
tion of cosmic acceleration. However, the nature and ori-
gin of dark energy remain elusive, motivating researchers to
explore alternative theories of gravity. One significant moti-
vation behind modified gravity theories and scalar field theo-
ries is the necessity to elucidate the accelerated expansion of
the universe and the presence of dark matter and dark energy
[5–8]. GR faces challenges in comprehensively explaining
these phenomena without resorting to ad hoc concepts like
dark energy [9]. By modifying the gravitational equations
[10,11] or introducing additional scalar fields [12,13], these
alternative theories hold the potential to provide explanations
for the observed cosmic acceleration and the behavior of dark
matter.

Furthermore, cosmological inflation [14,15] and the pres-
ence of singularities [16] pose significant challenges. GR
struggles to explain the driving mechanisms behind inflation
and the initial conditions that lead to its occurrence. More-
over, the existence of singularities, such as those within black
holes and the Big Bang, raises questions about the applica-
bility of GR in extreme conditions. Modified gravity theo-
ries and scalar field theories offer promising approaches to
address these cosmological puzzles and overcome the singu-
larities by introducing new gravitational degrees of freedom
or incorporating quantum effects into the theory of gravity
[6,10,11,17].

However, there are challenges associated with these alter-
native theories. The mathematical complexity of the modified
equations presents analytical and computational difficulties.
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Furthermore, experimental validation and observational con-
straints are necessary to distinguish between different the-
ories and confirm their viability. Nevertheless, the pursuit
of modified gravity theories and scalar field theories offers
promising avenues for advancing our understanding of grav-
ity, unifying gravitational and quantum physics, and provid-
ing comprehensive explanations for the observed universe.
Ongoing research and future experimental advancements are
crucial in shaping the development and refinement of these
alternative frameworks beyond the realm of GR.

One alternative approach to address the observed accel-
erated expansion of the universe is through the modification
of the gravitational Lagrangian. A notable example of such
modifications is found in f (T ) theories of gravity [18,19]. In
these theories, the gravitational Lagrangian is formulated in
terms of the torsion scalar T alone, without the inclusion of
additional scalar fields. This framework provides an avenue
to investigate the accelerated expansion without resorting to
exotic forms of energy or modifying the matter content of the
universe. Numerous studies have focused on analyzing the
cosmological implications of f (T ) gravity [20–22]. These
investigations involve examining the late-time cosmic accel-
eration, the evolution of perturbations, and the behavior of
cosmological parameters. One notable result in the field is
the derivation of cosmological solutions that can explain the
accelerated expansion of the universe. These solutions often
involve modifying the background evolution and introduc-
ing additional terms in the field equations. By comparing the
predictions of f (T ) gravity with observational data, such as
the cosmic microwave background radiation and large-scale
structure formation, researchers can constrain the parameter
space of f (T ) gravity and assess its compatibility with obser-
vations. A well-known article in the field of ( f (T ) gravity
is written by Linder [23], which provides a comprehensive
review of various aspects of f (T ) gravity, including its the-
oretical foundations, cosmological implications, and obser-
vational constraints.

In order to encompass the combined effects of gravity
and scalar fields in understanding the dynamics of the uni-
verse, the f (T ) framework has been extended to the F(T, φ)

cosmological model [24], similar to the extension of the
curvature-based f (R) theory to the F(T, X, φ) model [25].
In this extended framework, the Lagrangian incorporates not
only the torsion scalar T but also the scalar field φ, along with
an arbitrary function F that describes the gravitational the-
ory. This extension provides a more comprehensive approach
to investigating the phenomenon of accelerated expansion,
allowing for a deeper exploration of the underlying dynam-
ics. The F(T, φ) cosmological model has gained significant
attention due to its capacity to incorporate both gravitational
and scalar field effects. The torsion scalar T characterizes the
torsion in spacetime and serves as a gravitational variable,
while the scalar field φ accounts for matter or dark energy

contributions. The function F(T, φ) generalizes the gravi-
tational Lagrangian, enabling modifications and extensions
beyond the standard Einstein–Hilbert action. The F(T, φ)

cosmological model has been the subject of numerous inves-
tigations in recent years. Researchers have explored various
aspects of this model, including its cosmological solutions
[24], the evolution of perturbations, and its compatibility with
observational data. The study of this model provides valuable
insights into the nature of gravity and its role in shaping the
dynamics of the universe [24,26,27].

Furthermore, Noether symmetry has emerged as a popular
and powerful tool in the study of modified gravity theories
[28,29]. Noether’s theorem, named after the mathematician
Emmy Noether, establishes a connection between symme-
tries in physical systems and it’s conserved quantities. In the
context of modified gravity, Noether symmetry provides a
systematic approach to investigate the underlying symme-
tries of the theory and their associated conserved quantities.

The appeal of Noether symmetry in modified gravity lies
in its ability to unveil deeper insights into the dynamics of
gravitational theories. By identifying the symmetries of a
modified gravity model, researchers can derive conserved
quantities that shed light on the underlying structure of the
theory and its physical implications. Noether symmetry also
offers a powerful tool to constrain the parameter space of
modified gravity theories, allowing for consistency checks
and comparisons with observational data [30–32]. Further-
more, Noether symmetry provides a rigorous mathematical
framework to explore the interplay between gravity and other
fields, such as scalar fields or additional degrees of freedom. It
allows for the construction of physically meaningful models
with desirable properties by selecting the form of unknown
functions in the gravitational theories.

In particular, this approach has been a frequently pre-
ferred method in obtaining exact cosmological solutions in
various modified gravity theories. Some of the studies ana-
lyzed through this approach are f (R) theories [33–36], modi-
fied Gauss–Bonnet theories [37–39], f (T ) teleparallel grav-
ity models [40–45]. In addition to modified theories con-
structed by changing the geometric part, models contain-
ing scalar fields [46–53], fermionic fields within the frame-
work of GR [54,55] and within the framework of TG [56]
and tachyonic fields [57,58] in the context of TG were ana-
lyzed using this approach. Apart from the cosmological stud-
ies, analytical solutions have also been produced for spheri-
cally symmetric [59] and cylindrical symmetric spacetimes
[60] using this approach. Recently, solutions have been pre-
sented for both isotropic and non-isotropic universe mod-
els through the Noether symmetry approach, considering
curvature-based extended F(R, X, φ) theories [61,62]. As
mentioned above, with the motivation offered by the Noether
symmetry approach, the main purpose of this article is to con-
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duct cosmological analyzes by investigating Noether symme-
tries in the context of F(T, X, φ) gravity.

The paper is structured as follows: Sect. 2 provides a brief
review of teleparallel gravity and f (T, φ) theories, setting
the foundation for the subsequent analysis. Section 3 delves
into the framework of F(T, X, φ) gravity, establishing the
theoretical framework for the investigation. Section 4 con-
ducts a comprehensive examination of the symmetry reduced
Lagrangian and Noether equations within the context of
F(T, X, φ) gravity, specifically applied to the FRW universe
model. Finally, the concluding section offers a concise sum-
mary of the obtained results, summarizing the key findings
and implications of the study.

2 Teleparallel gravity

Teleparallel gravity (TG) is an alternative formulation of
gravity that incorporates the concept of torsion. In GR, the
gravitational field is defined by the curvature of spacetime.
However, unlike GR, TG is constructed by utilizing torsion
resulting from a teleparallel connection where the curvature
is zero [18].

TG introduces the tetrad field eAμ and the spin connection
ωA

Bμ as fundamental variables, providing a distinct frame-
work for understanding gravity. Note that the presence of
spin connection leads to local Lorentz invariance of the field
equations [63]. In this framework, the tetrad field plays a cru-
cial role in relating local Lorentz frames to spacetime coor-
dinates. The tetrad field, represented by eAμ, connects the
tangent space at each point in the manifold to the spacetime
itself. The Greek indices, such as μ, represent the manifold,
while the Latin indices, such as A, denote coordinates on the
tangent space.

One of the key applications of the tetrad field in TG is the
construction of the metric tensor. The metric tensor, denoted
by gμν , describes the geometry of the spacetime manifold.
In teleparallel gravity, the metric tensor can be expressed in
terms of the tetrad field as follows:

gμν = ηABe
A

μe
B

ν (1)

where ηAB represents the components of the Minkowski met-
ric. The Minkowski metric serves as a reference metric that
characterizes flat spacetime. Furthermore, the tetrad field
must satisfy an important condition known as the orthog-
onality condition. This condition ensures the proper relation
between the local Lorentz frames and the spacetime man-
ifold. Mathematically, the orthogonality condition is given
by:

EA
μeBμ = δBA (2)

where EA
μ represents the inverse of the tetrad field, and δBA is

the Kronecker delta symbol. This condition guarantees that

the tetrad field properly connects the tangent space vectors
to the spacetime coordinates.

By introducing the tetrad field and the spin connection as
fundamental variables, TG offers a different perspective on
gravity compared to the traditional metric-based approach
of GR. The tetrad field allows for the exploration of the
geometric properties of gravity, emphasizing the interplay
between local Lorentz frames and the spacetime manifold.
This alternative formulation provides insights into the geo-
metrical nature of gravity and its connection to matter. The
teleparallel connection, obtained by utilizing the tetrad field,
serves as an alternative to the Levi-Civita connection in the-
ories of gravity and incorporates torsion. It is represented by
the symbol Γ ρ

μν , which can be expressed in terms of the
tetrad field eAμ and the spin connection ωA

Bμ as follow [64]

Γ ρ
μν = EA

ρ∂μe
A

ν + EA
ρωA

Bμe
B

ν (3)

where ∂μ represents the partial derivative with respect to the
spacetime coordinate xμ. It should be emphasized that a spe-
cial choice of the so-called Weitzenböck frame is possible, in
which the components of the spin connection vanishes. The
torsion tensor T ρ

μν captures the geometric properties of the
intricate spacetime twisting in teleparallel gravity, playing a
crucial role within this framework. It can be mathematically
represented by the following equation [65]

T ρ
μν = Γ ρ

νμ − Γ ρ
μν. (4)

The torsion scalar, which captures the overall torsion in TG,
is defined as

T = Sμν
A T A

μν, (5)

where Sμν
A is the super-potential. The torsion tensor provides

information about the properties of spacetime in TG while the
gravitational Lagrangian is constructed by the torsion scalar.

Building upon teleparallel gravity, f (T ) gravity extends
the theory by introducing a general function f (T ) of the
torsion scalar T . The action in f (T ) gravity is given by the
equation [19]

S f (T ) = 1

2κ

∫
d4x |e| f (T ). (6)

This theory, whose various cosmological dynamics have been
discussed in the literature, leads to second-order field equa-
tions.

These formulations and extensions in TG provide avenues
for exploring the geometric properties of gravity, the behav-
ior of scalar fields, and their interconnections. They offer
exciting possibilities to deepen our understanding of the fun-
damental nature of gravity and its implications in the broader
context of theoretical physics. Furthermore, the framework
can be further extended to F(T, φ, X) gravity. This extension
introduces additional degrees of freedom and allows for the
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exploration of gravitational theories that incorporate scalar
fields and their interactions with the geometry of spacetime.

These formulations provide a rich and versatile framework
for investigating deviations from GR and exploring alterna-
tive theories of gravity that incorporate torsion, scalar fields,
and their interplay with the geometry of spacetime. They
offer new perspectives and possibilities for understanding
the fundamental nature of gravity and its connections with
other fundamental forces in the universe.

3 F(T, X, φ) gravity and cosmology

Let’s start with the following gravitation effect integral,
which allows for non-minimal coupling between the torsion
scalar, the scalar field, and its kinetic part [66]

S =
∫

d4xe [F(T, X, φ) + �m] , (7)

where e is the determinant of the tetrad field, F is a multivari-
ate function that depends on the torsion scalar T , the scalar
field φ, and the kinetic part of the scalar field X defined
as X = − ε

2∂μφ∂μφ and �m is any matter Lagrangian. The
modified field equations can be derived when one takes the
variation of the integral of action with respect to the tetrad
field such that [66,67]

GμνFT + 1

2
gμν (F − FT T ) + Sνμ

ρ
◦∇ρFT

+ε

2
FXφ,μφ,ν = Θμν, (8)

and similarly with respect to the scalar field φ one can read
the modified Klein–Gordon equation as

gμν
◦∇μ

(
FXφ,ν

) + εFφ = 0 , (9)

where
◦∇μ donates the Levi-Civita covariant derivative, we

also use the notations FT ≡ ∂F/∂T , FX ≡ ∂F/∂X and
Fφ ≡ ∂F/∂φ. For our current analysis we will consider
the spatially flat homogeneous and isotropic FRW metric
to understand how the universe cosmologically evolves in
F(T, X, φ) theory

ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2), (10)

where a(t) is the scale factor and we consider the proper
tetrad eaμ = diag(1, a, a, a). For this frame one can compute

the torsion scalar as T = −6 ȧ2

a2 [64] where the dot denotes
the derivative with respect to cosmic time t . By substituting
this tetrad field into the gravitational field equations (8) of
the F(T, X, φ) theory, we obtain

F − 2T FT − 2XFX = ρm, (11)

F − 2T FT + 4FT Ḣ + 4ḞT H = −Pm, (12)

where H is the Hubble parameter. Also ρm and Pm are func-
tions of cosmic time and represent the energy density and
pressure of the standard matter field. Additionally, the Klein–
Gordon equation (9) is found as follows

FX φ̈ + 3FX H φ̇ + ḞX φ̇ + εFφ = 0. (13)

4 Noether symmetry analysis in F(T, X, φ) gravity

First of all, this section is dedicated to rewriting the action
integral of the theory of gravity F(T, X, φ) given by (7) in
the Lagrange formalism. A point-like Lagrangian derived
from the theory of gravity is used for the Noether symme-
try method, which provides analytical solutions to the field
equations. For the construction of a point-like Lagrangian,
we can set a canonical Lagrangian for the FRW metric as
L = L(a, T, X, φ, ȧ, Ṫ , Ẋ , φ̇) defined on the configura-
tion space Q = Q(a, T, X, φ) and its tangent space by
T Q = T Q(ȧ, Ṫ , Ẋ , φ̇). Now, by adopting the Lagrange
multipliers procedure, which is frequently applied in cos-
mological analysis, we can rewrite the gravitational action
(7) as follows

S =
∫

dta3
[
F(T, X, φ) − λ1(T − T̃ ) − λ2(X − X̃) + �m

]
. (14)

Here, λ1 and λ2 represent Lagrange multipliers, and when
the variation of equation (14) with respect to T and X is
taken, they are found as λ1 = FT and λ1 = FX , respec-
tively. Also, in our case the dynamical system is subject to
the constraints T̃ = −6 ȧ2

a2 and X̃ = ε
2 φ̇2. To proceed, one

must choose the standard matter Lagrangian in Eq. (14). So
we assume a space-time filled with a perfect fluid whose
energy-momentum tensor satisfies the conservation law of
energy, i.e.

ρ̇m3H(w + 1)ρm = 0 ⇒ ρm = ρm0a
−3(w+1), (15)

where w = pm
ρm

is the equation of state parameter for the per-
fect fluid and ρm0 is the present value of the energy density.
Therefore we have �m = ρm0a−3w. As a result, the point-like
Lagrangian from Eq. (14) becomes

L = a3(F − T FT − XFX ) − 6FT aȧ
2

+ε

2
FXa

3φ̇2 − ρm0a
−3w, (16)

which has the generalized coordinates a, T, X, φ. Then, from
the Euler-Lagrange equation we obtain the following field
equations for a, T , X and φ, respectively

2FT

(
2
ä

a
+ ȧ2

a2

)
+ 4ḞT

ȧ

a
+ ε

2
FX φ̇2

+F − T FT − XFX + wρm0a
−3(w+1) = 0, (17)

FTT

(
T + 6

ȧ2

a2

)
+ FT X

(
X − ε

2
φ̇2

)
= 0, (18)
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FXX

(
X − ε

2
φ̇2

)
+ FT X

(
T + 6

ȧ2

a2

)
= 0, (19)

FX φ̈ + 3FX H φ̇ + ḞX φ̇ + εFφ = 0. (20)

We note that when the expressions of the torsion scalar and
X are taken into account, we see that Eqs. (18) and (19) are
satisfied identically. Moreover, we also have the Hamilton
constraint equation related to Lagrangian (16), which reads

EL = 6FT
ȧ2

a2 − ε

2
FX φ̇2

+F − T FT − XFX − ρm0a
−3(w+1) = 0. (21)

These equations are identical to the field equations obtained
above in tensorial form, and the unknown function F(T, X, φ)

they contain needs to be selected. Additionally, since the
field equations have a nonlinear structure, one way to sim-
plify them is to investigate Noether symmetries related to
Lagrangian (16), which we will proceed from now.

Let us now consider the Noether symmetry operator and
its first prolongation in accordance with Lagrangian (16),
respectively, as follows

X = τ
∂

∂t
+ α

∂

∂a
+ β

∂

∂T
+ γ

∂

∂X
+ δ

∂

∂φ
, (22)

X[1] = X + (Dtα − ȧDtτ)
∂

∂ ȧ
+ (Dtβ − Ṫ Dtτ)

∂

∂ Ṫ

+(Dtγ − Ẋ Dtτ)
∂

∂ Ẋ
+ (Dtδ − φ̇Dtτ)

∂

∂φ̇
, (23)

where Dt = ∂
∂t + ȧ ∂

∂a + Ṫ ∂
∂X + ȧ ∂

∂X + φ̇ ∂
∂φ

is called the total
derivative operator and are the coefficients of the Noether
symmetry operator and depend on the dynamic variables
(a, T, X, φ) and the cosmic time t . If one considers a func-
tion M(t, a, T, X, φ) then the Noether symmetry condition
associated with the Lagrangian is of the form (reffff)

X[1]L + LDt (τ ) = DtM. (24)

It should be noted that an important role of Noether sym-
metry is that it relates to conserved quantities for dynamical
systems. Therefore, if X is the Noether symmetry vector, then
in our case

I = τ L + (a − τ ȧ)
∂L

∂ ȧ
+ (

T − τ Ṫ
) ∂L

∂ Ṫ

+ (
X − τ Ẋ

) ∂L

∂ Ẋ
+ (

φ − τ φ̇
) ∂L

∂φ̇
− M. (25)

is the conserved quantity i.e I is a constant. The condition
(24) for the point-like Lagrangian (16) gives the following
system of partial differential equations

FT (α + 2aαa − aτt ) + a(FTT β + FT,Xγ + FT,φδ) = 0, (26)
FX (3α + 2aδφ − aτt ) + a(FT Xβ + FXXγ + FXφδ) = 0, (27)
12FT αφ − εFXa

2δa = 0, (28)

12FTαt − a3(F − T FT − XFX − ρm0a
−3w)τa + Ma = 0, (29)

a3(F − T FT − XFX − ρm0a
−3w)τT − MT = 0, (30)

a3(F − T FT − XFX − ρm0a
−3w)τX − MX = 0, (31)

FTαT = 0, FT αX = 0, FX δT = 0, FX δX = 0, (32)
FT τa = 0, FT τT = 0, FT τx = 0, FT τφ = 0, (33)
FX τa = 0, FX τT = 0, FX τx = 0, FX τφ = 0, (34)

a3(F − T FT − XFX − ρm0a
−3w)τt

+ 3[a2(F − T FT − XFX )

+ wρm0a
−3w−1]α − a3(T FTT + XFT X )β

− a3(T FT X + XFXX )γ

+ a3(Fφ − T FTφ − XFXφ)δ − Mt = 0, (35)

where the subscripts represent the derivatives of the functions
with respect to their arguments. These are Noether symmetry
equations whose solutions give both the Noether symmetry
coefficients and the form of F(T, X, φ). However, trying to
solve them directly is a very difficult task. Therefore, we will
first choose some specific forms of F(T, X, φ)) and then try
to obtain the symmetry vector related to it.

4.1 Case 1: F(T, X, φ) = Tφm + h(φ)X − λφn

This case is related to the model in which the scalar field
is non-minimally coupled to both the torsion scalar and the
kinetic term. h(φ) is any function of the scalar field coupled
with the kinetic term X . λ, n and m are the model parameters
such that for m = 2 and h(φ) = 1

2 , Noether symmetry
analysis was examined in reference [68–70], and also the
case m = 1 and h(φ) = const.

φ
was studied in [71]. However,

this case we are dealing with is more general. After some
manipulations, for the pressureless matter field, i.e. w =
0 we find the unknown functions in the Noether symmetry
equations (26)–(35) as

α = c1(m + n)a

3(m − n)ρm0
− c3(m + n)t − 8c4n

8n

a
3m−n

2n φ− (m−n)
2 , (36)

δ = − 2c1φ

(m − n)ρm0
+ 3c3(m + n)t − 24c4n

8n2

a
3(m−n)

2n φ
(n−m+2)

2 , (37)

τ = − c1

ρm0
t + c5,

M = c1t + c2 + c3a
3(m+n)

2n φ
(m+n)

2 , (38)

h(φ) = 8n2

3ε
φm−2. (39)

Thus, the Lagrangian (16) is reduced to the form

L = −6φmaȧ2 + a3
(

2n2

3
φm−2φ̇2 − λφn

)
− ρm0. (40)
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Using the expressions (36)–(38), symmetry generators can
be written as follows

X1 = ∂

∂t
,

X2 = − t

ρm0

∂

∂t
+ (m + n)a

3(m − n)ρm0

∂

∂a
− 2φ

(m − n)ρm0

∂

∂φ
.

(41)

X3 = − (m + n)t

8n
a

3m−n
2n φ− m−n

2
∂

∂a

+3(m + n)t

8n2 a
3(m−n)

2n φ
n−m+2

2
∂

∂φ
, (42)

X4 = a
3m−n

2n φ− m−n
2

∂

∂a
− 3

n
a

3(m−n)
2n φ

n−m+2
2

∂

∂φ
. (43)

Using these symmetry generators in Eq (25), one can easily
calculate the first integrals respectively as follows

I1 = EL = 0, (44)

I2 = − (m + n)I4
8n

t − a
3(m−n)

2n φ
m+n

2 , (45)

I3 = t + 4a3φm

3(m − n)ρm0

(
3(m + n)

ȧ

a
+ 2n2 φ̇

φ

)
, (46)

I4 = −4a
3(m+n)

2n φ
m+n

2

(
3ȧ

a
+ nφ̇

φ

)
. (47)

Also, these generators satisfy the following commutator rela-
tions.

[X1,X2] = − X1

ρm0
, [X1,X3] = tX3,

[X2,X3] = (m + n)

2nρm0
X3,

[X2,X4] = (m + 3n)

2nρm0
X4, [X1,X4] = 0, [X3,X4] = 0.

(48)

To obtain analytical solutions to the equations of motion
related to the Lagrangian given in Eq. (40), we focus only
on the X4 Noether symmetry which represents the scaling
symmetry. Now, by adopting the procedure given in [28], we
may both simplify the field equations and obtain a cyclic vari-
able. In other words, the new Lagrangian written in terms of
new variables gives field equations that can be solved much
more easily than the old one. In this way, we can perform a
transformation on the dynamic variables such that

a =
(

3(n − m)

n
z(t)

) n
3(n−m)

u(t)
n
6 ,

φ =
(

3(n − m)

n
z(t)

) 1
m−n

u(t)
1
2 .

(49)

Here z(t), u(t)) are new variables and z(t) is a cyclic variable
as seen below. Under these transformations, the Lagrangian
(40) takes a simpler form as

L = 4nu
m+n−2

2 u̇ ż + λun − ρm0, (50)

which has the following field equations

nu
m+n−2

2 u̇ + I4 = 0, (51)

4nu
m+n−2

2 z̈ − nλun−1 = 0, (52)

−4nu
m+n−2

2 u̇ ż + λun − ρm0 = 0, (53)

where I4 is a constant of motion related to the X4 symmetry.
The solution of Eq. (51) is

u =
(

− (m + n)I4
2n

t + u0

) 2
m+n

, (54)

where u0 is an integration constant andm �= −n. Substituting
this expression into Eqs. (52) and (53), we have the solution

z =
λn

(
− (m+n)I4

2n t + u0

)m+3n
m+n

2I 2
4 (m + 3n)

+ z0t + z1, (55)

where z0 and z1 are an integration constants and m �= −3n.
Using these solutions in the last Eq. (53) one obtains the
constraint z0 = ρm0

4I4
. Going back to the transformation given

by (49), the solutions for the scale factor and scalar field
become as follows

a =

⎡
⎢⎢⎣3(n − m)

n

(
− (m + n)I4

2n
t + u0

)−1

×

⎛
⎜⎜⎝

λn
(
− (m+n)I4

2n t + u0

) m+3n
m+n

2I 2
4 (m + 3n)

+ z0t + z1

⎞
⎟⎟⎠

⎤
⎥⎥⎦

− n
3(m−n)

,

(56)

φ =

⎡
⎢⎢⎢⎣

3(n − m)

n

(
− (m + n)I4

2n
t + u0

) m−n
m+n

×

⎛
⎜⎜⎝

λn
(
− (m+n)I4

2n t + u0

) m+3n
m+n

2I 2
4 (m + 3n)

+ z0t + z1

⎞
⎟⎟⎠

⎤
⎥⎥⎦

1
m−n

.

(57)

If we set the integral constants u0, z0 and z1 to be zero,
the solution (56) reduces to power-law form. In the general
case, some restrictions can be made on these constants by
following the method in Ref. [72]. We first fix the beginning
of time by subjecting ourselves to the condition a(0) = 0
which gives u0 = 0 from the scale factor (56). Then we may
set the age of the universe as t0 = 1. Thus, we can use the
a(t0) = 1 condition as a standard. This condition yields the
following expression

z1 = (m + n)λ2
−m
m+n (− I4(m+n)

2n )
2n

m+n

I4(m + 3n)

−n(− I4(m+n)
2n )

m−n
m+n

3(m − n)
− z0. (58)
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Fig. 1 The plot represents the scale factor versus the time t . Here,
the values of the model parameters are taken as m = −3, n = 3.1,
I4 = 0.1, λ = 0.2 and h0 = 0.75. The present time t0 = 1 is indicated
by a vertical line

Fig. 2 The plot represents the scalar field versus the time t . Here,
the values of the model parameters are taken as m = −3, n = 3.1,
I4 = 0.1, λ = 0.2 and h0 = 0.75. The present time t0 = 1 is indicated
by a vertical line

The last condition we consider is related to the Hubble param-
eter. So that we assume a condition such that H(t0) = h0.
We note that the parameter h0 is not the same as the value of
the Hubble constant obtained from observations. From this
condition we obtain

z0 = 3λ(− I4(m+n)
2n )

2n
m+n

4

− (6h0n(m + n) − 2n2)(− I4(m+n)
2n )

2m
m+n

(m + n)2 . (59)

The graphical analysis of the time evolution of both the
scale factor and the scalar field, as well as some cosmological
parameters such as the Hubble parameter, the deceleration
parameter and the effective equation of state parameter, is
given in Figs. 1, 2, 3, 4 and 5. From Fig. 1 we clearly observe
that our model represents an expanding model of the Universe
in which the rate of expansion gradually decreases until it

Fig. 3 The plot represents the Hubble versus the time t . Here, the
values of the model parameters are taken asm = −3, n = 3.1, I4 = 0.1,
λ = 0.2 and h0 = 0.75. The present time t0 = 1 is indicated by a vertical
line

Fig. 4 The plot represents the deceleration parameter versus the time t .
Here, the values of the model parameters are taken asm = −3, n = 3.1,
I4 = 0.1, λ = 0.2 and h0 = 0.75. The present time t0 = 1 is indicated
by a vertical line

Fig. 5 The plot represents the effective equation of state parameter
versus the time t . Here, the values of the model parameters are taken as
m = −3, n = 3.1, I4 = 0.1, λ = 0.2 and h0 = 0.75. The present time
t0 = 1 is indicated by a vertical line
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reaches zero in finite time (see Fig. 3). Figure 4 shows that
a transition has occurred from the deceleration phase to the
acceleration phase of the Universe. It can be seen from Fig.
2 that the scalar field gradually decreases from an infinite
value to a minimum value and then increases with time.

4.2 Case 2: F(T, X, φ) = Tφm + P(X)

As a second model we consider F(T, X, φ) = Tφm + P(X)

where m is a redefined arbitrary parameter and P(X) is a
function dependent on the kinetic term. When this form of
F(T, X, φ) is used in Noether symmetry equations, their
solutions are written as follows

α = b1a

3w
, δ = b1(w − 1)φ

wm
(60)

η = −2b1(wm − w + 1)X

wm
, τ = b1t + b2, M = b3,

(61)

P(X) = p0X
m(w+1)

2(wm−w+1) , (62)

where bi and p0 are an integration constants and w,m �= 0.
Therefore, the Noether symmetry generators corresponding
to these solutions are read as

X1 = ∂

∂t
, (63)

X2 = t
∂

∂t
+ a

3w

∂

∂a

+ (w − 1)φ

wm

∂

∂φ
− 2(wm − w + 1)X

wm

∂

∂X
. (64)

For this model, the first integral of the symmetry generator
X1 gives the Hamilton constraint equation in Eq. (21) and
they give the commutator relation as [X1,X2] = X1. To
specify the invariant functions of the symmetry generator X2

We need to solve the associated Lagrange system as [73]

dt

t
= 3wda

a
= wm

(w − 1)

dφ

φ
= − wm

2(wm − w + 1)

dX

X
.

(65)

The solutions of these equations are obtained as follows

a = a0t
1

3w , (66)

φ = φ0t
w−1
mw , X = x0t

−2 mw−w+1
mw , (67)

where a0, φ0 and x0 are an integration constants. By sub-
stituting these solutions into field equation (20), we find a
relationship in the form w = m−6

2(3m−2)
. Thus, the scale factor

and scalar field are expressed as follows

a = a0t
2(3m−2)
3(m−6) , (68)

φ = φ0t
5m+2

m(6−m) . (69)

Fig. 6 Plot of the effective equation of state parameter against the
parameter m

On the other hand, for m = 2 and p0 = 16
3ε

this model results
in a de Sitter solution:

a = a0e
kt , φ = φ0e

− 3k
3 t , (70)

with k being a real constant. The solution (68) is in power-
law form. From this solution, the condition under which the
universe can accelerate is given as 2(3m−2)

3(m−6)
> 1, that is:

m < −14/3 or m > 6. Moreover, one can calculate the
effective equation of state parameter as we f f = −1 + m−6

3m−2 .
The graphical behavior of this parameter as a function of m
is plotted in Fig. 6.

Let us note that while dark energy is in the quintessence
phase for m < −2 and m > 6 values of the m parameter, it
is in the phantom phase in the range of 2/3 < m < 6. Addi-
tionally, at the m → 6 limit, the equation of state parameter
becomes close to −1.

5 Summary and conclusion

In this study, we have explored an extended teleparal-
lel F(T, X, φ) gravity model using the Noether symmetry
approach within a Friedmann–Lemaître–Robertson–Walker
spacetime. By analyzing the model with specific forms of
the function F(T, X, φ), we have investigated its Noether
symmetry properties and derived analytical solutions for the
equations of motion.

In Case 1, the model F(T, X, φ) = Tφm + h(φ)X −λφn

involves a non-minimal coupling between the scalar field, tor-
sion scalar, and kinetic term. Through our analysis, we have
observed an expanding Universe with a gradually decreasing
rate of expansion, eventually reaching zero within a finite
time interval. This behavior suggests a potential future end-
point or a scenario where the expansion of the Universe
ceases. Additionally, we have noted a transition from a decel-
erating phase to an accelerating phase, driven by the evolution
of the scalar field. Further investigations and comparisons
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with observational data are necessary to fully understand the
implications of this model.

In Case 2, the model F(T, X, φ) = Tφm + P(X) incor-
porates a scalar field that is non-minimally coupled to the
torsion scalar and a function dependent on the kinetic term.
Through the analysis of Noether symmetry equations, power-
law type solutions have been derived for both the scale fac-
tor and scalar field. The examination of the effective equa-
tion of state parameter has revealed various phases of dark
energy, including quintessence-like and phantom-like behav-
ior. Notably, when considering the special case ofm = 2, a de
Sitter solution representing exponential expansion has been
obtained. However, to comprehensively evaluate the viability
and implications of this model in cosmology, further research
incorporating observational constraints is necessary.

It is worth emphasizing that the Noether symmetry tech-
nique has an important place in the literature as a geomet-
ric selection criterion in the comparison of various modi-
fied gravitational theories. In summary, our investigation of
these two cases of the F(T, X, φ) gravity model has pro-
vided valuable insights into the dynamics and behavior of
the Universe within these frameworks. However, to compre-
hensively understand the viability and implications of these
models in cosmology, additional research and consideration
of observational constraints are required. This analysis is left
to the next article as the subject of another study.
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